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� ¬¥² ««¥ ±¢®¡®¤»© ½«¥ª²°® ¢§ ¨¬®¤¥©±²¢³¥² ± ¯¥°¨®¤¨·¥-
±ª¨ ° ±¯®«®¦¥»¬¨ ¢ ³§« µ ª°¨±² ««¨·¥±ª®© °¥¸¥²ª¨ ¨® ¬¨,
± ¤¥´¥ª² ¬¨ ±²°®¥¨¿, ± ²¥¯«®¢»¬¨ ª®«¥¡ ¨¿¬¨ °¥¸¥²ª¨ (´®®-
 ¬¨) ¨,  ª®¥¶, ± ¤°³£¨¬¨ ½«¥ª²°® ¬¨ ¯°®¢®¤¨¬®±²¨. �«¿ ®¯¨-
± ¨¿ ¬®£¨µ ®±®¡¥®±²¥© ¯®¢¥¤¥¨¿ ½«¥ª²°®®¢ ¢ ¬¥² ««¥ ®ª -
§»¢ ¥²±¿ ¤®±² ²®·»¬ ®¤®½«¥ª²°®®¥ ¯°¨¡«¨¦¥¨¥: ª ¦¤»©
¨§ ½«¥ª²°®®¢ ¤¢¨¦¥²±¿ ®²¤¥«¼® ®² ¤°³£¨µ ¢ ¯®«®¦¨²¥«¼®¬ ¯¥-
°¨®¤¨·¥±ª®¬ ¯®²¥¶¨ «¥ ¨®®¢ °¥¸¥²ª¨, ½«¥ª²°®» ¥ ¢§ ¨¬®¤¥©-
±²¢³¾² ¤°³£ ± ¤°³£®¬ ¨ ¯®¤·¨¿¾²±¿ ±² ²¨±²¨ª¥ �¥°¬¨{�¨° ª .

8.1. �¨¯¨·»¥ ±¢®©±²¢  ¬¥² ««®¢

�±®¡®¥ § ·¥¨¥ ¨¬¥¾² ±«¥¤³¾¹¨¥ ®±®¢»¥ ±¢®©±²¢  ¬¥² ««®¢.
1. � ¨§®²¥°¬¨·¥±ª¨µ ³±«®¢¨¿µ ¢ ¬¥² «« µ ± ¢»±®ª®© ²®·®±²¼¾

¢»¯®«¿¥²±¿ § ª® �¬ :
j = �E; (8.1)

£¤¥ � | ½«¥ª²°®¯°®¢®¤®±²¼.
2. �¥² ««» | µ®°®¸¨¥ ¯°®¢®¤¨ª¨:

¬¥² ««» | � � (106 � 108) �¬�1 � ¬�1.
¯®«³¯°®¢®¤¨ª¨ | � � (10�4 � 105) �¬�1 � ¬�1;
¤¨½«¥ª²°¨ª¨ | � � 10�16�¬�1 �¬�1.
3. �¥² ««» ¨¬¥¾² ¢»±®ª³¾ ½«¥ª²°®³¾ ²¥¯«®¯°®¢®¤®±²¼,

±«¥¤®¢ ²¥«¼®, ¿¢«¿¾²±¿ µ®°®¸¨¬ ¯°®¢®¤¨ª®¬ ½«¥ª²°¨·¥±²¢  ¨
²¥¯« . �®£« ±® § ª®³ �¨¤¥¬  {�° ¶  (1853£.), ®²®¸¥¨¥ ª®-
½´´¨¶¨¥²  ²¥¯«®¯°®¢®¤®±²¨ {e ª ³¤¥«¼®© ¯°®¢®¤¨¬®±²¨ ¯°¨
¤ ®© ²¥¬¯¥° ²³°¥ ¥±²¼ ¢¥«¨·¨  ¯®±²®¿ ¿, ¥ § ¢¨±¿¹ ¿ ®²
±®°²  ¬¥² «« :

{e

�
= LT; (8.2)

£¤¥ L = �2=3(kB=e) | ·¨±«® �®°¥¶ .
4. �°¨ ¨§ª¨µ ²¥¬¯¥° ²³° µ ½«¥ª²°®¯°®¢®¤®±²¼ ¤®±²¨£ ¥²  -

±»¹¥¨¿ ¨ ®² ²¥¬¯¥° ²³°» ¥ ¬¥¿¥²±¿; ¥¥ § ·¥¨¥ ®¯°¥¤¥«¿¥²±¿
¯°¨¬¥±¿¬¨ ¨ ¤¥´¥ª² ¬¨ °¥¸¥²ª¨. �® ¢±¥© ®¡« ±²¨ ²¥¬¯¥° ²³°
³¤¥«¼®¥ ½«¥ª²°¨·¥±ª®¥ ±®¯°®²¨¢«¥¨¥ � ¤«¿ ¬®£¨µ ¬¥² ««®¢ ¨



8.2. �²°®¥¨¥ ²¨¯¨·»µ ¬¥² ««®¢ 183

±¯« ¢®¢ ¯®¤·¨¿¥²±¿ ¯° ¢¨«³ � ²¨±±¥ :

� =
1

�(T )
=

1

�¤¥´
+

1

�·¨±²(T )
: (8.3)

�ª« ¤ ®² ¤¥´¥ª²®¢ ¬®¦®  ¡«¾¤ ²¼ ²®«¼ª® ¯°¨ ®·¥¼ ¨§ª¨µ ²¥¬-
¯¥° ²³° µ, ª®£¤  �·¨±²!1.

5. �°¨¬¥°® ¯®«®¢¨  ¬¥² ««®¢ | ½«¥¬¥²®¢ �¥°¨®¤¨·¥±ª®©
² ¡«¨¶» �¥¤¥«¥¥¢  ¯°¨ ¤®±² ²®·® ¨§ª¨µ ²¥¬¯¥° ²³° µ ±² ®-
¢¨²±¿ ±¢¥°µ¯°®¢®¤¨ª ¬¨.

8.2. �²°®¥¨¥ ²¨¯¨·»µ ¬¥² ««®¢

�¨¯¨· ¿ ¬¥² ««¨·¥±ª ¿ ±²°³ª²³°  ¨¬¥¥² ¡®«¼¸¨¥ ª®®°¤¨ -
¶¨®»¥ ·¨±«  ¨ ¬®£¨¥ ¬¥² ««» ®¡° §³¾² ¯«®²¥©¸¨¥ ¨ ¯«®²-
®³¯ ª®¢ »¥ ±²°³ª²³°» (£«. 3). � ¯°®±²»µ ¹¥«®·»µ ¬¥² «« µ
ª ¦¤ ¿ ¨§ ±¢¿§¥© ®²®±¨²¥«¼® ±« ¡¥¥, ·¥¬,  ¯°¨¬¥°, ¢ ¹¥«®·®-
£ «®¨¤»µ ª°¨±² «« µ.

�±®¢»¥ ·¥°²» ¬¥² ««¨·¥±ª®£® ª°¨±² ««  ¬®¦® ¯°¥¤±² ¢¨²¼
² ª:

1. �®» (¨®»¥ ®±²®¢») ¯¥°¨®¤¨·¥±ª¨ ° ±¯®«®¦¥» ¢ ª°¨-
±² ««¨·¥±ª®© ±²°³ª²³°¥.

2. �¢ §¨®¤®°®¤ ¿ ¯«®²®±²¼ ®²°¨¶ ²¥«¼®£® § °¿¤  ®¡³±«®¢-
«¥  ¢±¥¬¨ ¢ «¥²»¬¨ ½«¥ª²°® ¬¨. �¨ ®¡° §³¾² À½«¥ª²°®-
»© £ §Á, · ±²¨¶» ª®²®°®£® ¤¢¨¦³²±¿ ± ²¥¯«®¢»¬¨ ±ª®°®±²¿¬¨.

�¨±. 8.1. � ¢¨±¨¬®±²¼ ¯«®²®±²¨ § °¿¤  � ®² ° ±±²®¿¨¿ ¢¤®«¼  ¯° ¢«¥¨¿,
¯¥°¥±¥ª ¾¹¥£® °¿¤ ¯®«®¦¨²¥«¼»µ  ²®¬»µ ®±² ²ª®¢

�§ ¨¬®¤¥©±²¢¨¥ ½²¨µ ½«¥ª²°®®¢ ± ¨®»¬¨ ®±²®¢ ¬¨ ¨ ®¡¥±¯¥·¨-
¢ ¥² ¬¥² ««¨·¥±ª³¾ ±¢¿§¼. �«®²®±²¼ ±¢®¡®¤»µ ½«¥ª²°®®¢ ¬®-
¦¥² ±®±² ¢«¿²¼ ®² ®¤®£® ½«¥ª²°®     ²®¬ (� 1028¬�3) ¨ ¢»¸¥
¢ § ¢¨±¨¬®±²¨ ®² ¢ «¥²®±²¨  ²®¬®¢, ±®±² ¢«¿¾¹¨µ ª°¨±² ««.

�±²¥±²¢¥®, ·²® ±°¥¤¿¿ ¯«®²®±²¼ § °¿¤  ¤®«¦  ¡»²¼ ° ¢ 
³«¾ ¢ ±¨«³ ²°¥¡®¢ ¨¿ ½«¥ª²°¨·¥±ª®© ¥©²° «¼®±²¨ ²¢¥°¤®£®
²¥« .

�  °¨±. 8.1 ±µ¥¬ ²¨·¥±ª¨ ¯®ª §   «®ª «¼ ¿ ±³¬¬ ° ¿ ¯«®²-
®±²¼ § °¿¤ , ª®²®° ¿ ¯¥°¨®¤¨·¥±ª¨ ¬¥¿¥² § ª ± ¯®«®¦¨²¥«¼®£®



184 �«.8. �«¥ª²°®» ¢ ¬¥² «« µ

  ®²°¨¶ ²¥«¼»©. �±«¨ ¨±±«¥¤®¢ ²¼ ¯«®²®±²¼ § °¿¤  ¢¤®«¼  -
¯° ¢«¥¨¿, ¥ ¯¥°¥±¥ª ¾¹¥£® ¨®»¥ ®±²®¢», ®ª § «®±¼ ¡», ·²®
¯«®²®±²¼ § °¿¤  | ®¤®°®¤ ¿ ®²°¨¶ ²¥«¼ ¿ ¢¥«¨·¨  ¢¤®«¼
¢±¥© ¯°¿¬®©.

� ¬®¤¥«¨ ±¢®¡®¤»µ ½«¥ª²°®®¢ ±·¨² ¥²±¿, ·²® ¢«¨¿¨¥¬ ¯¥-
°¨®¤¨·®±²¨ ½«¥ª²°®±² ²¨·¥±ª®£® ¯®²¥¶¨ « , ±¢¿§ ®£® ±  «¨-

·¨¥¬ ²®¬»µ ®±²®¢®¢, ¬®¦® ¯°¥¥¡-
°¥·¼.� ½²®¬ ±«³· ¥ ±·¨² ¾², ·²® ½«¥ª-
²°®»¤¢¨¦³²±¿ ±®¢¥°¸¥® ±¢®¡®¤®
¯® ¢±¥¬³ ®¡º¥¬³ ª°¨±² «« ,  ² «ª¨-
¢ ¿±¼   ¯®²¥¶¨ «¼»© ¡ °¼¥° ³ ¯®-
¢¥°µ®±²¨ ²¢¥°¤®£® ²¥«  (°¨±. 8.2).

�¨±. 8.2. �¥°£¨¿ ½«¥ª²°®  ¢
²¢¥°¤®¬ ²¥«¥

�¥°£¨¿ ½«¥ª²°®  ¢ ²¢¥°¤®¬ ²¥«¥
®¯°¥¤¥«¿¥²±¿ ±³¬¬®© ¯®²¥¶¨ «¼®©
¨ª¨¥²¨·¥±ª®© ½¥°£¨©.�«¥ª²°® ¬®-
¦¥² ¢»©²¨ ¨§ ¬¥² ««  ¢ ¢ ª³³¬, ¥±-
«¨ ¯°¥®¤®«¥¥² ¯®¢¥°µ®±²»© ¯®²¥-
¶¨ «¼»© ¡ °¼¥°, ¢»±®²  ª®²®°®£®
 §»¢ ¥²±¿ ° ¡®²®© ¢»µ®¤  �. �¯®±®¡-
±²¢®¢ ²¼ ¯°¥®¤®«¥¨¾ ½²®£® ¡ °¼¥° 

¬®¦¥² ²¥¯«®¢®¥ ¤¢¨¦¥¨¥ (²¥°¬®½«¥ª²°® ¿ ½¬¨±±¨¿) ¨«¨ ¯®-
£«®¹¥¨¥ ´®²®  ± ¤®±² ²®·® ¡®«¼¸®© ½¥°£¨¥© (¢¥¸¨© ´®²®-
½´´¥ª² ¨«¨ ´®²®½¬¨±±¨¿).

8.3. �¢®©±²¢  ¬¥² ««®¢ ¢ ¯°¨¡«¨¦¥¨¨
ª« ±±¨·¥±ª®© ¬®¤¥«¨ �°³¤½

�¥°¢ ¿ ª« ±±¨·¥±ª ¿ ¬®¤¥«¼ £ §  ±¢®¡®¤»µ ½«¥ª²°®®¢ ¢ ¬¥-
² ««¥ ¡»«  ¯°¥¤«®¦¥ �°³¤½ (1900£.). �®£« ±® ½²®© ¬®¤¥«¨, ½«¥ª-
²°®» ®¡« ¤ ¾² ¢±¥¬¨ ±¢®©±²¢ ¬¨ ¬®«¥ª³« ª« ±±¨·¥±ª®£® ¨¤¥ «¼-
®£® ®¤® ²®¬®£® £ §  ¨ ±·¨² ¾²±¿ ²¢¥°¤»¬¨ ¥¨§¬¥¿¥¬»¬¨
· ±²¨¶ ¬¨, ¥ ¢§ ¨¬®¤¥©±²¢³¾¹¨¬¨ ¬¥¦¤³ ±®¡®©. �¤¨±²¢¥»¬
¢¨¤®¬ ¢§ ¨¬®¤¥©±²¢¨¿ ¿¢«¿¥²±¿ ±²®«ª®¢¥¨¥ ½«¥ª²°®®¢ ± ¨® ¬¨
ª°¨±² ««¨·¥±ª®© °¥¸¥²ª¨. �±®¢»¥ ¯®«®¦¥¨¿ ½²®© ²¥®°¨¨:

1) ¯°¨ ¯®«®© ¯«®²®±²¨ ½«¥ª²°®®¢ n¥ ¢ ¥¤¨¨¶¥ ®¡º¥¬  ¬¥-
² ««  ª ¦¤»© ¥£®  ²®¬ ¤®«¦¥ ®²¤ ²¼ À½«¥ª²°®®¬³ £ §³Á ¥ ¬¥-
¥¥ ®¤®£® ½«¥ª²°® ;

2) ª ¦¤»© ½«¥ª²°® ®¡« ¤ ¥² ª¨¥²¨·¥±ª®© ½¥°£¨¥©, ±®®²¢¥²-
±²¢³¾¹¥© ²°¥¬ ª« ±±¨·¥±ª¨¬ ±²¥¯¥¿¬ ±¢®¡®¤»:

Eª¨ =
3

2
kBT ; (8.4)

3) ±ª®°®±²¨ ½«¥ª²°®®¢ ¯®¤·¨¿¾²±¿ ° ±¯°¥¤¥«¥¨¾ � ª±¢¥«-
« {�®«¼¶¬  .

8.3.1. � ª® �¬  ¨ ¯°®¢®¤¨¬®±²¼ ¬¥² ««®¢. � ©¤¥¬ ¯«®²®±²¼
²®ª  j, ¢®§¨ª ¾¹¥£® ¢ ¬¥² ««¥ ¯®¤ ¤¥©±²¢¨¥¬ ½«¥ª²°¨·¥±ª®£®
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¯®«¿  ¯°¿¦¥®±²¨ E. �§¢¥±²®, ·²® ¯«®²®±²¼ ²®ª  ° ¢  § -
°¿¤³, ¯¥°¥®±¨¬®¬³ §  ¥¤¨¨¶³ ¢°¥¬¥¨ ·¥°¥§ ¥¤¨¨¶³ ¯«®¹ ¤¨,
¯¥°¯¥¤¨ª³«¿°®© ª  ¯° ¢«¥¨¾ ²®ª :

j =
dQ

Sdt
= �ene�v; (8.5)

£¤¥ �v | ±°¥¤¿¿ ±ª®°®±²¼ ³¯®°¿¤®·¥®£® ¤¢¨¦¥¨¿ ½«¥ª²°®®¢,
¢»§¢ ®£® ¯®«¥¬ E, ne | ª®¶¥²° ¶¨¿ ½«¥ª²°®®¢ ¯°®¢®¤¨¬®-
±²¨, e | § °¿¤ ½«¥ª²°® .

� ®²±³²±²¢¨¥ ¯®«¿ ½«¥ª²°®» ¯°®¢®¤¨¬®±²¨ ±®¢¥°¸ ¾² µ ®²¨-
·¥±ª®¥ ²¥¯«®¢®¥ ¤¢¨¦¥¨¥, ¨±¯»²»¢ ¿, ¢ ±°¥¤¥¬, ·¥°¥§ ¯°®¬¥-
¦³²ª¨ ¢°¥¬¥¨ � ±²®«ª®¢¥¨¿ ± ¨® ¬¨ °¥¸¥²ª¨. �®¤ ±²®«ª®-
¢¥¨¿¬¨ ¯®¨¬ ¾²±¿ ¥ ¬¥µ ¨·¥±ª¨¥ ±®³¤ °¥¨¿,   °¥§ª¨¥ ¨§¬¥-
¥¨¿ ¨¬¯³«¼±  ½«¥ª²°®®¢ ¢ °¥§³«¼² ²¥ ª³«®®¢±ª®£® ¢§ ¨¬®¤¥©-
±²¢¨¿ ± ½«¥ª²°®»¬¨ ®¡« ª ¬¨ ¨®»µ ®±² ²ª®¢. �±«¨ ±°¥¤¿¿
±ª®°®±²¼ ²¥¯«®¢®£® ¤¢¨¦¥¨¿ ½«¥ª²°®®¢ ¯°®¢®¤¨¬®±²¨ ° ¢  v� ,
²® ®² ±²®«ª®¢¥¨¿ ª ±²®«ª®¢¥¨¾ ®¨ ¯°®µ®¤¿² ¯³²¼

� = vT �; (8.6)

¯°¨ ½²®¬ ¢¥«¨·¨  � ®±¨²  §¢ ¨¥ ¤«¨» ±¢®¡®¤®£® ¯°®¡¥£ .
�°¨  «¨·¨¨ ½«¥ª²°¨·¥±ª®£® ¯®«¿   ½«¥ª²°®» ¯°®¢®¤¨¬®±²¨

¢ ²¥·¥¨¥ ¢°¥¬¥¨ � ¤¥©±²¢³¥² ±¨«  �eE, ±®®¡¹ ¾¹ ¿ ¨¬ ³±ª®°¥-
¨¥:

a = �eE
m0

; (8.7)

£¤¥ m0 | ¬ ±±  ½«¥ª²°® . �±«¨ E = const, ²® ¯®±²®¿® ¨ ³±ª®-
°¥¨¥ ½«¥ª²°®®¢ a = const. � ª®¶³ ¢°¥¬¥¨ ¯°®¡¥£  � ¯¥°¥¤ ®·¥-
°¥¤»¬ ±²®«ª®¢¥¨¥¬ ½«¥ª²°®» ¯®¤ ¤¥©±²¢¨¥¬ E ¯°¨®¡°¥² ¾² ¢
 ¯° ¢«¥¨¨,  ²¨¯ ° ««¥«¼®¬ ½«¥ª²°¨·¥±ª®¬³ ¯®«¾, ¯°¨° ¹¥-
¨¥ ±ª®°®±²¨:

�v = a� = �eE
m0

�: (8.8)

�°¥¬¿ ¯°®¡¥£  ½«¥ª²°®  ¬¥¦¤³ ¤¢³¬¿ ¯®±«¥¤®¢ ²¥«¼»¬¨ ±®³¤ -
°¥¨¿¬¨ ¬®¦® ¢»·¨±«¨²¼ ² ª:

� =
�

vT + �v
� �

vT
; (8.9)

¯®±ª®«¼ª³ vT � �v. �®¤±² ¢«¿¿ (8.9) ¢ (8.8), ¯®«³·¨¬:

�v = �eE
m0

�

vT
: (8.10)

�·¨² ¥²±¿, ·²® ¥¯®±°¥¤±²¢¥® ¯®±«¥ ±²®«ª®¢¥¨¿ ±®±² ¢«¿¾-
¹ ¿ ±ª®°®±²¥© ½«¥ª²°®®¢, ¯ ° ««¥«¼ ¿ ½«¥ª²°¨·¥±ª®¬³ ¯®«¾,



186 �«.8. �«¥ª²°®» ¢ ¬¥² «« µ

¤«¿ ¤®±² ²®·® ¡®«¼¸®£® ·¨±«  ½«¥ª²°®®¢ ° ¢  ³«¾. �²® ¯°¨-
¢®¤¨² ª ¯®«®¬³  °³¸¥¨¾ ³¯®°¿¤®·¥®±²¨ ¤¢¨¦¥¨¿ ½«¥ª²°®-
®¢, ¢»§¢ ®© ¤¥©±²¢¨¥¬ ½«¥ª²°¨·¥±ª®£® ¯®«¿. �®£¤  ±°¥¤¿¿
±ª®°®±²¼ ³¯®°¿¤®·¥®£® ¤¢¨¦¥¨¿ ½«¥ª²°®®¢�v ¢ ¤ ®¬ ±«³· ¥
° ¢  ¯®«³±³¬¬¥  · «¼®© ¨ ª®¥·®© ±ª®°®±²¥©   ¯°®²¿¦¥¨¨
¢°¥¬¥¨ ¯°®¡¥£  � :

�v = �1

2

eE

m0

�

vT
: (8.11)

�®¤±² ¢«¿¿ °¥§³«¼² ² (8.11) ¢ (8.5), ¯®«³·¨¬:

j = �ene�v =
1

2

e2ne�

m0vT
E = �E; (8.12)

£¤¥ ³¤¥«¼ ¿ ½«¥ª²°®¯°®¢®¤®±²¼ ¬¥² «« 

� =
1

2

e2ne�

m0vT
: (8.13)

�²±¾¤ , ±®£« ±® ²¥®°¨¨ �°³¤½, ±«¥¤³¥², ·²® ±®¯°®²¨¢«¥¨¥ ¯°®-
¢®¤¨ª , ®¡° ²®¥ ½«¥ª²°®¯°®¢®¤®±²¨, ®¡³±«®¢«¥® ±²®«ª®¢¥¨-
¿¬¨ ½«¥ª²°®®¢ ¯°®¢®¤¨¬®±²¨ ± ¨® ¬¨ ª°¨±² ««¨·¥±ª®© °¥¸¥²ª¨,
² ª ª ª ½²¨ ±²®«ª®¢¥¨¿ ®£° ¨·¨¢ ¾² ¤«¨³ ±¢®¡®¤®£® ¯°®-
¡¥£ . �®®²®¸¥¨¥ (8.12) ¯® ´®°¬¥ ±®¢¯ ¤ ¥² ± ½¬¯¨°¨·¥±ª¨ ³±² -
®¢«¥»¬ § ª®®¬ �¬  ¨ ¢»° ¦ ¥² ¯°®¯®°¶¨® «¼®±²¼ ¯°®²¥ª -
¾¹¥£® ·¥°¥§ ¬¥² ««¨·¥±ª¨© ¯°®¢®¤¨ª ²®ª  ¢¥«¨·¨¥ ½«¥ª²°¨·¥-
±ª®£® ¯®«¿. �¤¥«¼ ¿ ½«¥ª²°®¯°®¢®¤®±²¼ (8.13) ¬®¦¥² ¡»²¼ ² ª¦¥
¯°¥¤±² ¢«¥  ¢ ¢¨¤¥:

� = ene�; (8.14)

£¤¥ ¯®¤¢¨¦®±²¼ ®±¨²¥«¥© § °¿¤ 

� = �1

2

e�

m0vT
: (8.15)

�«¥¤®¢ ²¥«¼®, § ª® �¬  ¬®¦® ¯°¥¤±² ¢¨²¼ ² ª:

j = ene�E: (8.16)

�° ¢¨¢ ¿ (8.16) ± (8.5), ¯®«³·¨¬:

�v = ��E; (8.17)

². ¥. ¯®¤¢¨¦®±²¼ ¨¬¥¥² ±¬»±« ¬ ²¥°¨ «¼®£® ª®½´´¨¶¨¥²  ¯°®-
¯®°¶¨® «¼®±²¨ ¬¥¦¤³ ¢¥«¨·¨®© ½«¥ª²°¨·¥±ª®£® ¯®«¿ ¨ ±°¥¤¥©
±ª®°®±²¼¾  ¯° ¢«¥®£® ¤¢¨¦¥¨¿ ®±¨²¥«¥© § °¿¤ .

�®£« ±® ²¥®°¨¨ �°³¤½, ¢¥«¨·¨  ±°¥¤¥© ±ª®°®±²¨ ²¥¯«®¢®£®
¤¢¨¦¥¨¿ ½«¥ª²°®®¢ ¯°®¢®¤¨¬®±²¨ vT ®ª §»¢ ¥²±¿ ¬®£® ¡®«¼¸¥
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±°¥¤¥© ±ª®°®±²¨ ²¥¯«®¢®£® ¤¢¨¦¥¨¿ v  ®¤® ²®¬®£® ¨¤¥ «¼®£®
£ §  ¯°¨ ®¤®© ¨ ²®© ¦¥ ²¥¬¯¥° ²³°¥. �¥©±²¢¨²¥«¼®, ¢ ½²®¬ ±«³-
· ¥ ¢»° ¦¥¨¥ ¤«¿ ±°¥¤¥© ½¥°£¨¨ ²¥¯«®¢®£® ¤¢¨¦¥¨¿, ®¯°¥¤¥-
«¿¥¬®¥ ±®®²®¸¥¨¥¬ (8.4), ®¤¨ ª®¢® ¨ ¤«¿  ²®¬®¢ £ § , ¨ ¤«¿
½«¥ª²°®®¢:

" =
3

2
kBT =

m0v
2
T

2
=
mav

2
a

2
; (8.18)

£¤¥ ma | ¬ ±±  ¬®«¥ª³«» £ § . �²±¾¤  ¬®¦® ¢»·¨±«¨²¼ ±°¥¤-
¾¾ ª¢ ¤° ²¨·³¾ ±ª®°®±²¼ ²¥¯«®¢®£® ¤¢¨¦¥¨¿ ½«¥ª²°®®¢:

vT = va

r
ma

m0

: (8.19)

�®±ª®«¼ª³ ma � m0, ²® vT � va. �±«¨ va � 103¬/c ¯°¨ ª®¬-
 ²®© ²¥¬¯¥° ²³°¥, ²® vT � 105¬/c. �¥«¨·¨  ±°¥¤¥© ±ª®°®±²¨
 ¯° ¢«¥®£® ¯¥°¥¬¥¹¥¨¿ ½«¥ª²°®®¢ (¤°¥©´®¢®© ±ª®°®±²¨),
®¡³±«®¢«¨¢ ¾¹ ¿ ¢®§¨ª®¢¥¨¥ ²®ª  ¢ ¯°®¢®¤¨ª¥, ¨¬¥¥² § ·¥-
¨¥ �v � vT . � ¦¥ ¯°¨ ®²®±¨²¥«¼® ¡®«¼¸¨µ ¯®«¿µ ®  ¨¬¥¥²
¢¥«¨·¨³ �v � 10�4¬/c. �¥¬ ¥ ¬¥¥¥, ±ª®°®±²¼ ° ±¯°®±²° -
¥¨¿ ½«¥ª²°¨·¥±ª®£® ²®ª  ¢ ¯°®¢®¤¨ª¥ vi ° ¢  ±ª®°®±²¨ ° ±-
¯°®±²° ¥¨¿ ½«¥ª²°®¬ £¨²®£® ¯®«¿ ¢ ¤ ®© ±°¥¤¥:

vi =
cp
"�
; (8.20)

£¤¥ c | ±ª®°®±²¼ ±¢¥²  ¢ ¢ ª³³¬¥, " ¨ � | ®²®±¨²¥«¼»¥ ¤¨½«¥ª-
²°¨·¥±ª ¿ ¨ ¬ £¨² ¿ ¯°®¨¶ ¥¬®±²¨ ±°¥¤» (¤«¿ ¡®«¼¸¨±²¢ 
¬¥² ««®¢ ½²¨ ¢¥«¨·¨» ¨¬¥¾² ¯®°¿¤®ª ¥¤¨¨¶»). �®¤ ¤¥©±²¢¨¥¬
±¨« ½«¥ª²°¨·¥±ª®£® ¯®«¿ ¢±¥ ½«¥ª²°®» ¯°®¢®¤¨¬®±²¨ ¯° ª²¨·¥-
±ª¨ ®¤®¢°¥¬¥®  ·¨ ¾² ³· ±²¢®¢ ²¼ ¢ ³¯®°¿¤®·¥®¬ ¤¢¨¦¥-
¨¨ ¢¤®«¼ ¢±¥£® ¯°®¢®¤¨ª . � ª¨¬ ®¡° §®¬, ±ª®°®±²¼ ° ±¯°®-
±²° ¥¨¿ ½«¥ª²°¨·¥±ª®£® ²®ª  ¥ ±¢¿§   ± ¢¥«¨·¨®© ¤°¥©´®¢®©
±ª®°®±²¨ ½«¥ª²°®®¢, ¢»§¢ ®© ½«¥ª²°¨·¥±ª¨¬ ¯®«¥¬.

8.3.2. �¥¯«®¥¬ª®±²¼ ¬¥² ««®¢ ¢ ª« ±±¨·¥±ª®¬ ¯°¥¤±² ¢«¥¨¨.
�®£« ±® ¯°¥¤±² ¢«¥¨¿¬ ²¥®°¨¨ �°³¤½, ½«¥ª²°®» ¯°®¢®¤¨¬®±²¨,
³· ±²¢³¿ ¢ ²¥¯«®¢®¬ ¤¢¨¦¥¨¨, ®¡« ¤ ¾² ±°¥¤¥© ²¥¯«®¢®© ½¥°-
£¨¥© " = (3=2)kBT . �«¥¤®¢ ²¥«¼®, ±³¬¬ ° ¿ ½¥°£¨¿ ²¥¯«®¢®£®
¤¢¨¦¥¨¿ · ±²¨¶ ®¤®£® ¬®«¿ ª°¨±² ««  (± ®¤¨¬ ¢ «¥²»¬ ½«¥ª-
²°®®¬) ¡³¤¥² ±®±² ¢«¿²¼ ¢¥«¨·¨³

"¬¥² = "°¥¸ + "½« = 3NAkBT +
3

2
NAkBT =

9

2
NAkBT; (8.21)

¯®±ª®«¼ª³ ¢ ±®®²¢¥²±²¢¨¨ ± § ª®®¬ �¾«®£  ¨ �²¨ ¢ª« ¤ °¥¸¥-
²®·®© ²¥¯«®¥¬ª®±²¨ ±®±² ¢«¿¥² "°¥¸ = 3NAkBT . �«¥¤®¢ ²¥«¼®,
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¬®«¿° ¿ ²¥¯«®¥¬ª®±²¼ ¬¥² ««¨·¥±ª®£® ª°¨±² ««  ¢ ª« ±±¨·¥±ª®¬
¯°¥¤±² ¢«¥¨¨ ¤®«¦  ¨¬¥²¼ § ·¥¨¥:

C¬¥² =
d

dT

�
9

2
NAkBT

�
=

9

2
NAkB; (8.22)

². ¥. ¢ 1,5 ° §  ¯°¥¢»¸ ²¼ § ·¥¨¥ ²¥¯«®¥¬ª®±²¨ ¤¨½«¥ª²°¨ª 
C¤¨½«, ¨¬¥¾¹¥£® ²®«¼ª® °¥¸¥²®·³¾ ±®±² ¢«¿¾¹³¾. �¤ ª® ¨§
®¯»²  ¨§¢¥±²®, ·²® ²¥¯«®¥¬ª®±²¼ ¬¥² ««®¢, ² ª¦¥, ª ª ¨ ²¥¯«®¥¬-
ª®±²¼ ¤¨½«¥ª²°¨ª , ¯°¨ ¢»±®ª¨µ ²¥¬¯¥° ²³° µ ¡«¨§ª  ª § ·¥¨¾,
¯°¥¤±ª §»¢ ¥¬®¬³ § ª®®¬ �¾«®£  ¨ �²¨ (� 3NAkB). �²® ¯°®²¨-
¢®°¥·¨¥ ¬¥¦¤³ ®¯»²®¬ ¨ ²¥®°¨¥© ¥ ¬®£«® ¯®«³·¨²¼ ° §°¥¸¥¨¿
¢ ° ¬ª µ ª« ±±¨·¥±ª¨µ ¯°¥¤±² ¢«¥¨©.

8.3.3. �¥¯«®¯°®¢®¤®±²¼ ¬¥² ««®¢. � ª® �¨¤¥¬  {�° ¶ .
� ¥¥ (¢ £«. 5) ° ±±¬ ²°¨¢ «¨±¼ ¯°®¶¥±±» ¯¥°¥®±  ²¥¯«  ¢ ¥-
¬¥² ««¨·¥±ª¨µ ²¢¥°¤»µ ²¥« µ, £¤¥ ¥¤¨±²¢¥»¬ ¬¥µ ¨§¬®¬ ²¥-
¯«®¯°®¢®¤®±²¨ ¿¢«¿¥²±¿ ¯¥°¥®± ½¥°£¨¨ ´®® ¬¨. � ¬¥² «« µ
ª ½²®¬³ ¤®¡ ¢«¿¥²±¿ ½«¥ª²°®»© ¬¥µ ¨§¬, ¯°¨·¥¬ ¥£® ¢ª« ¤
¯°¨ ®°¬ «¼»µ ²¥¬¯¥° ²³° µ ±² ®¢¨²±¿ ®¯°¥¤¥«¿¾¹¨¬. �¤-
 ª® ¢ ª« ±±¨·¥±ª®¬ ¯°¥¤±² ¢«¥¨¨ ° ±·¥² ½«¥ª²°®®£® ¢ª« ¤  ¢
²¥¯«®¯°®¢®¤®±²¼ ±®¢¥°¸¥®   «®£¨·¥ ° ¥¥ ±¤¥« ®¬³ ¤«¿
´®®®¢ (¯. 5.2.3), ¯®½²®¬³ ®ª®· ²¥«¼»© °¥§³«¼² ² ¤«¿ ª®½´´¨-
¶¨¥²  ½«¥ª²°®®© ²¥¯«®¯°®¢®¤®±²¨ ¬®¦® ¯®«³·¨²¼, ¨±¯®«¼§³¿
±®®²®¸¥¨¥ (5.86), £¤¥ ¢¥«¨·¨³ À°¥¸¥²®·®©Á ²¥¯«®¥¬ª®±²¨ ±«¥-
¤³¥² § ¬¥¨²¼   À½«¥ª²°®³¾Á ²¥¯«®¥¬ª®±²¼, ±ª®°®±²¼ §¢³ª  |
  ±°¥¤¾¾ ±ª®°®±²¼ ²¥¯«®¢®£® ¤¢¨¦¥¨¿ ½«¥ª²°®®¢ ¨,  ª®¥¶,
¤«¨³ ±¢®¡®¤®£® ¯°®¡¥£  ´®®®¢ |   ¤«¨³ ±¢®¡®¤®£® ¯°®¡¥£ 
½«¥ª²°®®¢:

{½« =
1

3
C½«vT� =

1

3
C½«v

2
T
�: (8.23)

�¥®¡µ®¤¨¬® ¢»¿±¨²¼, ª ª®© ¨§ ¢ª« ¤®¢ ¢ ²¥¯«®¥¬ª®±²¼ | °¥-
¸¥²®·»© ¨«¨ ½«¥ª²°®»© | ¤®¬¨¨°³¥² ¢ ¬¥² «« µ. �§ ½ª±¯¥-
°¨¬¥²  ¨§¢¥±²®, ·²® ¤«¨  ±¢®¡®¤®£® ¯°®¡¥£  ´®®®¢ �´® �
� 10�7 ±¬, � � 10�5 ±¬, ²®£¤  ¬®¦® ®¶¥¨²¼ ¢°¥¬¿ ¯°®¡¥£  ¬¥¦¤³
±²®«ª®¢¥¨¿¬¨ ¤«¿ ´®®-´®®»µ ¨ ½«¥ª²°®-´®®»µ ¯°®-
¶¥±±®¢ ° ±±¥¿¨¿:

�´-´ =
�´®
v§¢

�= 10�7 ±¬

105 ±¬=c
�= 10�12 ±;

�½-´ =
�

vT
�= 10�5 ±¬

108 ±¬=c
�= 10�13 ±:

(8.24)

�¥®¡µ®¤¨¬® ² ª¦¥ § ²¼ ¢¥«¨·¨» ±®®²¢¥²±²¢³¾¹¨µ ²¥¯«®¥¬-
ª®±²¥©. �±«¨ ¤«¿ ®¶¥ª¨ °¥¸¥²®·®© ²¥¯«®¥¬ª®±²¨ ¯°¨ ª®¬ ²®©



8.3. �¢®©±²¢  ¬¥² ««®¢ ¢ ¯°¨¡«¨¦¥¨¨ ª« ±±¨·¥±ª®© ¬®¤¥«¨ 189

²¥¬¯¥° ²³°¥ ¬®¦® ®¡®±®¢ ® ¨±¯®«¼§®¢ ²¼ § ·¥¨¥C°¥¸ = 3R
(§ ª® �¾«®£  ¨ �²¨), ²® ¤«¿ ½«¥ª²°®®£® ¢ª« ¤  ¢ ²¥¯«®¥¬-
ª®±²¼ ª« ±±¨·¥±ª ¿ ²¥®°¨¿ ¤ ¥² ¥®¡®±®¢ ® § ¢»¸¥®¥ § -
·¥¨¥ (¯. 8.3.1). �¥ «¼® ¯°¨ ª®¬ ²®© ²¥¬¯¥° ²³°¥ ¨¬¥¥² ¬¥±²®
C½« � 0;1R. �®£¤ , ¨±¯®«¼§³¿ ±®®²®¸¥¨¿ (5.86), (8.23) ¨ ®¶¥ª¨
(8.24), ¤«¿ ®²®¸¥¨¿ ª®½´´¨¶¨¥²®¢ °¥¸¥²®·®© ¨ ½«¥ª²°®®©
²¥¯«®¯°®¢®¤®±²¥© ¯®«³·¨¬:

{½«

{´
=

C½«v
2
T
�½-´

C°¥¸v2§¢�´-´
�= 10�1 �R(108)2 � 10�13

3R(105)2 � 10�12
�= 3 � 103: (8.25)

�§ (8.25) ±«¥¤³¥², ·²® ¯°¨ ª®¬ ²®© ²¥¬¯¥° ²³°¥ ¢ ·¨±²»µ ¬¥-
² «« µ ¯°¥®¡« ¤ ¥² ½«¥ª²°®»© ¬¥µ ¨§¬ ¢ ²¥¯«®¯°®¢®¤®±²¨. �
¥³¯®°¿¤®·¥»µ ¬¥² ««¨·¥±ª¨µ ±¯« ¢ µ ¢ª« ¤» ¢ ²¥¯«®¯°®¢®¤-
®±²¼ ¬®£³² ®ª § ²¼±¿ ®¤®£® ¯®°¿¤ª . � ¯°¨¬¥°, ¥°¦ ¢¥¾¹ ¿
±² «¼ ®¡« ¤ ¥² ¢¥±¼¬  ¨§ª®© ²¥¯«®¯°®¢®¤®±²¼¾ ¯® ±° ¢¥¨¾ ±
·¨±²»¬ ¦¥«¥§®¬.

�»·¨±«¨¬ ®²®¸¥¨¥ ª®½´´¨¶¨¥²  ²¥¯«®¯°®¢®¤®±²¨ ¬¥² «-
«  ª ¥£® ³¤¥«¼®© ½«¥ª²°®¯°®¢®¤®±²¨.�±®,·²® ¢±«¥¤±²¢¨¥ ®¶¥ª¨
(8.25) ³¦® ¢§¿²¼ ²®«¼ª® ª®½´´¨¶¨¥² ½«¥ª²°®®© ²¥¯«®¯°®¢®¤-
®±²¨. �±¯®«¼§³¿ ¢»° ¦¥¨¥ ¤«¿ ±°¥¤¥© ±ª®°®±²¨ ²¥¯«®¢®£® ¤¢¨-
¦¥¨¿ ½«¥ª²°®®¢, ¯®«³·¥®¥ ¨§ (8.18):

vT =

r
3kBT

m0

; (8.26)

  ² ª¦¥ § ·¥¨¥ ½«¥ª²°®®© ²¥¯«®¥¬ª®±²¨   ¥¤¨¨¶³ ®¡º¥¬ ,
ª®²®°®¥ «¥£ª® ¯®«³·¨²¼ ¨§ (8.21), ¤«¿ ®²®¸¥¨¿ ª®½´´¨¶¨¥²  ²¥-
¯«®¯°®¢®¤®±²¨¬¥² ««  ª ¥£® ³¤¥«¼®© ½«¥ª²°®¯°®¢®¤®±²¨¨¬¥¥¬:

{½«

�
=

(1=3)C½«v
2
T
�

(1=2)nee2�=m0

=
(1=3) � (3=2)nekB � (3kBT=m0)

(1=2)nee2=m0

; (8.27)

«¨¡®, ¢¢®¤¿ ®¡®§ ·¥¨¥ | ·¨±«® �®°¥¶  ¢ ª« ±±¨·¥±ª®¬ ¯°¨-
¡«¨¦¥¨¨:

Lª« =
{½«

�T
= 3

�
kB
e

�2
� 2 � 10�8 �² � �¬=�2; (8.28)

®ª®· ²¥«¼® ¯®«³·¨¬ § ª® �¨¤¥¬  {�° ¶ :

{½«

�
= Lª«T; (8.29)

ª®²®°»© ³²¢¥°¦¤ ¥², ·²® ¯°¨ ¥ ±«¨¸ª®¬ ¨§ª¨µ ²¥¬¯¥° ²³° µ
®²®¸¥¨¥ ª®½´´¨¶¨¥²  ²¥¯«®¯°®¢®¤®±²¨ ¬¥² ««  ª ¥£® ³¤¥«¼-
®© ½«¥ª²°®¯°®¢®¤®±²¨ ¯°¿¬® ¯°®¯®°¶¨® «¼® ²¥¬¯¥° ²³°¥,  
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ª®½´´¨¶¨¥² ¯°®¯®°¶¨® «¼®±²¨ (·¨±«® �®°¥¶ ) ¿¢«¿¥²±¿ ³¨-
¢¥°± «¼®© ¯®±²®¿®© (¥ § ¢¨±¨² ®² µ¨¬¨·¥±ª®£® ±®±² ¢  ¬¥-
² «« ). �° ¢¨¢ ¿ ¢»° ¦¥¨¥ ¤«¿ ·¨±«  �®°¥¶ , ¯®«³·¥®£®
¢ ª« ±±¨·¥±ª®¬ ¯°¨¡«¨¦¥¨¨, ± ¥£® § ·¥¨¥¬, ¢»·¨±«¥»¬  
®±®¢¥ ¡®«¥¥ ²®·®£® ª¢ ²®¢®-¬¥µ ¨·¥±ª®£® ¯°¥¤±² ¢«¥¨¿ (8.2),
²¥¬ ¥ ¬¥¥¥, ¬®¦® ³¡¥¤¨²¼±¿ ¢ ³¤¨¢¨²¥«¼® ¡«¨§ª®¬ ±®¢¯ ¤¥¨¨
½²¨µ ¢¥«¨·¨,   ² ª¦¥ ¢ ±®®²¢¥²±²¢¨¨ ²¥®°¥²¨·¥±ª®£® ¨ ½ª±¯¥°¨-
¬¥² «¼®£® § ·¥¨© L ¤«¿ ¬®£¨µ ·¨±²»µ ¬¥² ««®¢. � ª®¥ ±®-
¢¯ ¤¥¨¥ | ®¤¨ ¨§ ³±¯¥µ®¢ ª« ±±¨·¥±ª®© ²¥®°¨¨ ¨, ¢ ¨§¢¥±²®©
¬¥°¥, ±¢¨¤¥²¥«¼±²¢® ¢ ¯®«¼§³ ¬®¤¥«¨ ½«¥ª²°®®£® £ §  (² ¡«. 8.1).

�  ¡ «¨ ¶   8.1. �ª±¯¥°¨¬¥² «¼»¥ § ·¥¨¿ ·¨±«  �®°¥¶ 

�¥² «« L, 10�8 �² ��¬ ��
�2 �¥² «« L, 10�8 �² ��¬ ��

�2

0
�C 100

�C 0
�C 100

�C

Ag 2,31 2,37 Pb 2,47 2,56

Au 2,35 2,40 Pt 2,51 2,60

Cd 2,42 2,43 Sn 2,52 2,49

Cu 2,23 2,33 W 3,04 3,20

Ir 2,49 2,49 Zn 2,31 2,33

Mo 2,61 2,79 Al 2,2 2,3

�¥¬ ¥ ¬¥¥¥, ±³¹¥±²¢³¥² °¿¤ ±¥°¼¥§»µ § ²°³¤¥¨© ª« ±±¨-
·¥±ª®© ²¥®°¨¨, ¢ · ±²®±²¨:

1) ¥°¥ «¼® ¢»±®ª®¥ § ·¥¨¥ ²¥¯«®¥¬ª®±²¨ ½«¥ª²°®®£® £ -
§ , ¥ § ¢¨±¿¹¥¥ ®² ²¥¬¯¥° ²³°» (  ± ¬®¬ ¤¥«¥, ±³¹¥±²¢³¥² ¯°®-
¯®°¶¨® «¼®±²¼ ½«¥ª²°®®© ²¥¯«®¥¬ª®±²¨  ¡±®«¾²®© ²¥¬¯¥° -
²³°¥);

2) ±²®«ª®¢¥¨¿ ½«¥ª²°®®¢ ± ¯®«®¦¨²¥«¼»¬¨ ¨® ¬¨ ±®£« ±-
® ª« ±±¨·¥±ª®© ²¥®°¨¨ ¤®«¦» ¯°¨¢®¤¨²¼ ª ±°¥¤¥© ¤«¨¥ ±¢®-
¡®¤®£® ¯°®¡¥£  ¯®°¿¤ª  ¯®±²®¿®© °¥¸¥²ª¨ (1{10�A), ®¤ ª® ¨§
¢¥«¨·¨» ½«¥ª²°¨·¥±ª®© ¯°®¢®¤¨¬®±²¨ ±«¥¤³¥², ·²® � � 10�6 ±¬,
  ¯°¨ ¨§ª¨µ ²¥¬¯¥° ²³° µ � � 10�2 ±¬, ·²® ¢ 100{106 ° § ¯°¥¢»-
¸ ¥² § ·¥¨¥, ¯°¥¤±ª § ®¥ ª« ±±¨·¥±ª®© ²¥®°¨¥©.

8.4. �´´¥ª²» �®««  ¨ ¬ £¥²®±®¯°®²¨¢«¥¨¿ ¢ ¬¥² «« µ

�´´¥ª², ®²ª°»²»© �.�.�®««®¬ (1879£.), ±®±²®¨² ¢ ²®¬, ·²® ¢
¯°®¢®¤¨ª¥, ·¥°¥§ ª®²®°»© ¯°®²¥ª ¥² ¯®±²®¿»© ½«¥ª²°¨·¥±ª¨©
²®ª ± ¯«®²®±²¼¾ j ¨ ¢ ª®²®°®¬ ¯¥°¯¥¤¨ª³«¿°® j  ¯° ¢«¥ ¢¥ª-
²®° ¨¤³ª¶¨¨ ¯®±²®¿®£® ¬ £¨²®£® ¯®«¿ B, ¢®§¨ª ¥² ½«¥ª-
²°¨·¥±ª®¥ ¯®«¥ EH, ®°¨¥²¨°®¢ ®¥ ¯¥°¯¥¤¨ª³«¿°® ¨ j, ¨ B
(°¨±. 8.3).



8.4. �´´¥ª²» �®««  ¨ ¬ £¥²®±®¯°®²¨¢«¥¨¿ ¢ ¬¥² «« µ 191

�  ª ¦¤»© ½«¥ª²°®, ¤¢¨¦³¹¨©±¿ ± ¤°¥©´®¢®© ±ª®°®±²¼¾, ¤¥©-
±²¢³¾² ½«¥ª²°¨·¥±ª®¥ ¨ ¬ £¨²®¥ ¯®«¿ (±¨«  �®°¥¶ ):

F = �e�E+ [�v;B]
�
: (8.30)

�®±² ¢¨¬ ³° ¢¥¨¥ ¤¢¨¦¥¨¿ ½«¥ª²°®®¢:
dp

dt
= �e�E+ [�v;B]

�� 1

�
p; (8.31)

£¤¥ ¢²®°®© ·«¥ ¢ ¯° ¢®© · ±²¨ ¢¢¥¤¥, ·²®¡» ³·¥±²¼ ½«¥ª²°¨·¥-
±ª®¥ ±®¯°®²¨¢«¥¨¥, p = m0�v | ¨¬¯³«¼± ½«¥ª²°® , � | ¢°¥¬¿

�¨±. 8.3. � ®¡º¿±¥¨¾ ½´´¥ª²  �®««  ¢ ¬¥² «« µ:   | £¥®¬¥²°¨¿ ®¯»² ; ¡ |
¯®«¥ �®««  ¢ ±² ¶¨® °®¬ °¥¦¨¬¥ (¯°¨ ³±² ®¢¨¢¸¥©±¿ ¤°¥©´®¢®© ±ª®°®±²¨
½«¥ª²°®®¢ �v). �¤³ª¶¨¿ ¬ £¨²®£® ¯®«¿  ¯° ¢«¥  ¯¥°¯¥¤¨ª³«¿°® ¯«®±-
ª®±²¨ ·¥°²¥¦  ª  ¡«¾¤ ²¥«¾

¬¥¦¤³ ¯®±«¥¤®¢ ²¥«¼»¬¨ ±®³¤ °¥¨¿¬¨ (¢°¥¬¿ ±¢®¡®¤®£® ¯°®-
¡¥£ ) (8.9). �«¿ £¥®¬¥²°¨¨ ®¯»² , ¨§®¡° ¦¥®©   °¨±. 8.3, ¯°¥¤-
±² ¢¨¬ (8.31) ¢ § ¯¨±¨ ¯® ª®¬¯®¥² ¬:

dpx
dt

= �eEx � !cpy � 1

�
px;

dpy
dt

= �eEy + !cpx � 1

�
py;

dpz
dt

= �eEz � 1

�
pz ;

(8.32)

£¤¥ ¨±¯®«¼§³¥²±¿ ®¡®§ ·¥¨¥ ¤«¿ ¶¨ª«®²°®®© · ±²®²» ®¡° -
¹¥¨¿ ½«¥ª²°®®¢ ¯® ±¯¨° «¼»¬ ®°¡¨² ¬ ¢ ¬ £¨²®¬ ¯®«¥:

!c =
eBz

m0

: (8.33)



192 �«.8. �«¥ª²°®» ¢ ¬¥² «« µ

� ±² ¶¨® °®¬ ±®±²®¿¨¨ ²®ª (¨ ¤°¥©´®¢ ¿ ±ª®°®±²¼) ®² ¢°¥¬¥¨
¥ § ¢¨±¨², ¯®½²®¬³ (8.32) ¨¬¥¥² ¢¨¤

�eEx � !cpy � 1

�
px = 0;

�eEy + !cpx � 1

�
py = 0;

eEz +
1

�
pz = 0:

(8.34)

� ¯¨¸¥¬ § ª® �¬  ¯® ª®¬¯®¥² ¬:

jx =
nee

2�

m0

Ex = �0Ex;

jy =
nee

2�

m0

Ey = �0Ey;

jz =
nee

2�

m0

Ez = �0Ez ;

(8.35)

£¤¥ �0 = nee
2�=m0 | ±² ²¨·¥±ª ¿ ³¤¥«¼ ¿ ½«¥ª²°®¯°®¢®¤®±²¼.

�¬®¦¨¢ ®¡¥ · ±²¨ ° ¢¥±²¢ (8.34)   ene�=m0 ¨ ³·¨²»¢ ¿ (8.35)
¨ (8.12), ¯®«³·¨¬:

�0Ex = !c�jy + jx;

�0Ey = �!c�jx + jy;

�0Ez = jz:

(8.36)

�·²¥¬ £¥®¬¥²°¨¾ ®¯»²  (°¨±. 8.3): Ez � 0, ¨ ¥² ²®ª  ¢¤®«¼  -
¯° ¢«¥¨¿ y, jy � 0, ¢ °¥§³«¼² ²¥ (8.36) ¯°¨¬¥² ¢¨¤

�0Ex = jx;

�0Ey = �!c�jx;
jz = 0:

(8.37)

�®«¥ Ey ±³¹¥±²¢³¥² ¡« £®¤ °¿ ¤¥©±²¢¨¾ ±¨«» �®°¥¶  ¨ ¯®«³·¨«®
 §¢ ¨¥ ¯®«¿ �®«« :

EH

y = �!c�
�0

jx = � jx
ene

Bz = RHjxBz ; (8.38)

£¤¥ ¢¢¥¤¥  ¯®±²®¿ ¿ �®«« 

RH = � 1

enc
; (8.39)

§ ¢¨±¿¹ ¿ ®² ª®¶¥²° ¶¨¨ § °¿¦¥»µ · ±²¨¶. �²°¨¶ ²¥«¼®¥
§ ·¥¨¥ RH ±®®²¢¥²±²¢³¥² ½«¥ª²°® ¬ (² ¡«. 8.2). �®®¡¹¥, § ª
ª®±² ²» �®««  § ¢¨±¨² ®² ²¨¯  ®±¨²¥«¥© § °¿¤®¢ ¨,  ¯°¨¬¥°,
¢ ¤»°®·®¬ ¯®«³¯°®¢®¤¨ª¥ (£«. 10) RH > 0. � ¦»¬ ±«¥¤±²¢¨¥¬
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´®°¬³«» (8.39) ¿¢«¿¥²±¿ ¢®§¬®¦®±²¼ ½ª±¯¥°¨¬¥² «¼®£® ®¯°¥-
¤¥«¥¨¿ ª®¶¥²° ¶¨¨ § °¿¦¥»µ · ±²¨¶ ± ¯®¬®¹¼¾ ½´´¥ª² 
�®««  ¨ ¢ ¬¥² «« µ, ¨ ¢ ¯®«³¯°®¢®¤¨ª µ.

�  ¡ «¨¶   8.2. �ª±¯¥°¨¬¥² «¼»¥ ¨ ¢»·¨±«¥»¥ § ·¥¨¿
ª®±² ²» �®«« 

�¥² «« RH, 10�10 ¬3 ��«
�1

�¥² «« RH, 10�10 ¬3 ��«
�1

�ª±¯¥°¨¬¥² � ±·¥²� �ª±¯¥°¨¬¥² � ±·¥²�

Li �1;70 �1;33 Cu �0;54 �0;74

Na �2;34 �2;3 Ag �0;90 �1;07

K �4;45 �4;45 Au �0;72 �1;06

Rb �5;04 �5;4

�� ±·¥² ¯® ´®°¬³«¥ (8.39) ¢ ¯°¥¤¯®«®¦¥¨¨, ·²® ·¨±«® ½«¥ª²°®®¢ ° ¢®
·¨±«³  ²®¬®¢.

�´´¥ª² �®««  ¯°¨ ¤«¥¦¨² ª ·¨±«³ £ «¼¢ ®¬ £¨²»µ ¿¢«¥-
¨©. �°³£¨¬ ¢ ¦»¬ ¨µ ¯°¥¤±² ¢¨²¥«¥¬ ¿¢«¿¥²±¿ ½´´¥ª² ¬ £¥-
²®±®¯°®²¨¢«¥¨¿, ¯°¨ ª®²®°®¬ ³¤¥«¼®¥ ±®¯°®²¨¢«¥¨¥ ¯°®¢®¤-
¨ª  ¨§¬¥¿¥²±¿ ¢ ¯®¯¥°¥·®¬ ¯®±²®¿®¬ ¬ £¨²®¬ ¯®«¥:

��

�
= �?B

2
z ; (8.40)

£¤¥ �? | ª®½´´¨¶¨¥² ¯®¯¥°¥·®£® ¬ £¥²®±®¯°®²¨¢«¥¨¿, § ¢¨-
±¿¹¨© ®² ¢¥¹¥±²¢ . �«¥¤®¢ ²¥«¼®, ¯°®¯®°¶¨® «¼® ª¢ ¤° ²³ ¨-
¤³ª¶¨¨ ¬ £¨²®£® ¯®«¿ ¬¥¿¥²±¿ ¨ ²®ª j. �¤ ª® ¢ ½²®¬ ±«³· ¥
¬» ¨¬¥¥¬ ¤¥«® ± ª ·¥±²¢¥»¬ ¨§¬¥¥¨¥¬ ±¢®©±²¢ ¯°®¢®¤¨¬®±²¨
²¢¥°¤®£® ²¥«  ¢ °¥§³«¼² ²¥ ¤¥©±²¢¨¿ ¯®±²®¿®£® ¬ £¨²®£® ¯®«¿,
° ±·¥² ¢«¨¿¨¿ ª®²®°®£® ¤®±² ²®·® ±«®¦¥. �¥°¢® · «¼® ¨§®-
²°®¯®¥ ²¢¥°¤®¥ ²¥«® ¯°¨®¡°¥² ¥²  ¨§®²°®¯¨¾ ±¢®©±²¢, ² ª ·²®, ¢
®¡¹¥¬ ±«³· ¥ ¢®§¤¥©±²¢¨¿ ¯®±²®¿®£® ¬ £¨²®£® ¯®«¿, ³¤¥«¼®¥
±®¯°®²¨¢«¥¨¥ | ±ª «¿° | ¯°¥®¡° §³¥²±¿ ¢  ²¨±¨¬¬¥²°¨·»©
²¥§®° ¢²®°®£® ° £ ,   ª®½´´¨¶¨¥² �? ¡³¤¥² ¨¬¥²¼ ±¬»±« ®¤®©
¨§ ª®¬¯®¥² ²¥§®°  ·¥²¢¥°²®£® ° £ , ®²¢¥²±²¢¥®£® §  ½´´¥ª²
¬ £¥²®±®¯°®²¨¢«¥¨¿.

8.5. �¥°£¥²¨·¥±ª¨¥ ³°®¢¨ ±¢®¡®¤»µ
½«¥ª²°®®¢ ¢ ®¤®¬¥°®¬ ±«³· ¥

�®¤¥«¼±¢®¡®¤®£® ½«¥ª²°®®£® £ §  ¯®«³·¨«  ¤ «¼¥©¸¥¥ ° §-
¢¨²¨¥   ®±®¢¥ ª¢ ²®¢®© ¬¥µ ¨ª¨. � ±±¬®²°¨¬ ¯®¢¥¤¥¨¥ £ § 
±¢®¡®¤»µ ½«¥ª²°®®¢,  µ®¤¿¹¨µ±¿ ¢ £¨¯®²¥²¨·¥±ª®¬ ®¤®¬¥°-
®¬ Àª°¨±² ««¥Á, ³·¨²»¢ ¿ ¯°¨¶¨¯» ª¢ ²®¢®© ¬¥µ ¨ª¨. �¢¨-
¦¥¨¥ ½«¥ª²°®  ¬ ±±» m0 ®£° ¨·¥® ¢ ½²®¬ ±«³· ¥ ¯°¿¬®© ¤«¨-
» L, ¢  · «¥ ¨ ª®¶¥ ª®²®°®©  µ®¤¿²±¿ ¯®²¥¶¨ «¼»¥ ¡ °¼¥°»
¡¥±ª®¥·®© ¢»±®²». �®«®¢ ¿ ´³ª¶¨¿ ¨ ½¥°£¥²¨·¥±ª¨¥ ³°®¢¨
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½«¥ª²°®  ¬®£³² ¡»²¼ ¯®«³·¥» ¨§ °¥¸¥¨¿ ³° ¢¥¨¿ �°¥¤¨-
£¥° 

Ĥ = " : (8.41)

�³±²¼ ¯®²¥¶¨ «¼ ¿ ½¥°£¨¿ ½«¥ª²°®  ° ¢  ³«¾ (¨«¨ ¥ª®-
²®°®¬³ ¯®±²®¿®¬³ § ·¥¨¾, ®² ª®²®°®£® ¬®¦®  · ²¼ ®²±·¥²),
²®£¤  ®¯¥° ²®° ½¥°£¨¨ (£ ¬¨«¼²®¨ ) ±®¤¥°¦¨² ²®«¼ª® ·«¥, ±¢¿-
§ »© ± ª¨¥²¨·¥±ª®© ½¥°£¨¥©:

Ĥ =
p̂2

2m0

; (8.42)

£¤¥ ¤¨´´¥°¥¶¨ «¼»© ®¯¥° ²®° ¨¬¯³«¼±  ¢ ®¤®¬¥°®¬ ±«³· ¥
¨¬¥¥² ¢¨¤

p̂ = �i~ d
dx
: (8.43)

�®¤±² ¢«¿¿ (8.43) ¢ (8.42) ¨ § ²¥¬ | ¢ (8.41), ¯®«³·¨¬:

Ĥ n = � ~2

2m0

d2 n(x)

dx2
= "n n; (8.44)

£¤¥ "n,  n | ½¥°£¨¿ ¨ ¢®«®¢ ¿ ´³ª¶¨¿ ½«¥ª²°®  ¢ ±®±²®¿¨¨ n.
�° ¨·»¥ ³±«®¢¨¿ ¨¬¥¾² ¢¨¤:

 n(0) = 0;  n(L) = 0; (8.45)

¯®±ª®«¼ª³   £° ¨¶ µ ¯°¿¬®©  µ®¤¿²±¿ ¯®²¥¶¨ «¼»¥ ¡ °¼¥-
°» ¡¥±ª®¥·®© ¢»±®²» (°¨±. 8.4). �®«®¢ ¿ ´³ª¶¨¿  n ¡³¤¥²

�¨±. 8.4. �¥°¢»µ ²°¨ ½¥°£¥²¨·¥±ª¨µ ³°®¢¿ (¸²°¨µ®¢»¥ «¨¨¨) ¨ ±®®²¢¥²-
±²¢³¾¹¨¥ ¢®«®¢»¥ ´³ª¶¨¨ (±¯«®¸»¥ «¨¨¨) ±¢®¡®¤®£® ½«¥ª²°® , ¤¢¨¦¥-
¨¥ ª®²®°®£® ®£° ¨·¥® «¨¨¥© ¤«¨®© L. �¥°£¨¿ ®²«®¦¥  ¢ ¥¤¨¨¶ µ

"n =
~
2

2m0

��
L

�
2

³¤®¢«¥²¢®°¿²¼ ³° ¢¥¨¾ �°¥¤¨£¥°  (8.44) ¨ £° ¨·»¬ ³±«®-
¢¨¿¬ (8.45), ¥±«¨ ®  ¨¬¥¥² ¢¨¤ £ °¬®¨·¥±ª®© (±¨³±®¨¤ «¼®©)
´³ª¶¨¨
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 n(x) � sin (kx)jx=L = sin

�
2�

�
x

�����
x=L

= sin

�
2�

�
L

�
= 0)

) 2�

�
L = �n; ¨«¨ L =

1

2
n�n; (8.46)

². ¥. ¢¤®«¼ ° ±±²®¿¨¿ ° ±¯°®±²° ¥¨¿ ¢®«» ¢ ª°¨±² ««¥ ¤®«¦®
³ª« ¤»¢ ²¼±¿ ¶¥«®¥ ·¨±«® ¯®«³¢®«. �ª®· ²¥«¼® ¢¨¤ ¢®«®¢®©
´³ª¶¨¨ ¬®¦® § ¯¨± ²¼ ² ª:

 n(x) = A sin
��n
L
x
�
; (8.47)

£¤¥ A| ¯®±²®¿ ¿  ¬¯«¨²³¤ . �®¤±² ¢«¿¿ (8.47) ¢ (8.44), ¬®¦®
¯®«³·¨²¼ ³±«®¢¨¿, ¯°¨ ª®²®°»µ ¢®«®¢ ¿ ´³ª¶¨¿  n ¡³¤¥² ³¤®-
¢«¥²¢®°¿²¼ ³° ¢¥¨¾ �°¥¤¨£¥° :

d2 n(x)

dx2
= �A

��n
L

�2
sin
��n
L
x
�
; (8.48)

±«¥¤®¢ ²¥«¼®,

"n =
~
2

2m0

��n
L

�2
: (8.49)

�®®²®¸¥¨¥ (8.49) ¯°¥¤±² ¢«¿¥² ±®¡®© ±¯¥ª²° ±®¡±²¢¥»µ § -
·¥¨© ½¥°£¨¨ ½«¥ª²°®  ¢ ®¤®¬¥°®¬ ²¢¥°¤®¬ ²¥«¥. �·¥¢¨¤®,
·²® ½¥°£¨¿ ¥±²¼ ª¢ ¤° ²¨· ¿
´³ª¶¨¿ ª¢ ²®¢®£® ·¨±«  n
(°¨±. 8.5).

�¨±. 8.5. � ¢¨±¨¬®±²¼ ½¥°£¨¨ ½«¥ª-
²°®  ®² ª¢ ²®¢®£® ·¨±«  n ¤«¿
®¤®¬¥°®© ¬®¤¥«¨ ±¢®¡®¤»µ ½«¥ª-
²°®®¢. �¥°£¨¿ ®²«®¦¥  ¢ ¥¤¨¨¶ µ

"n =
~
2

2m0

��
L

�
2

�¥®¡µ®¤¨¬® ¢»¿±¨²¼, ª ª
° ±¯°¥¤¥«¥» N ½«¥ª²°®®¢ ¯®
³°®¢¿¬ ½¥°£¨¨ ¤ ®£® ®¤-
®¬¥°®£® ª°¨±² «« . �§ ¯°¨-
¶¨¯  � ³«¨ ±«¥¤³¥², ·²® ¨ª -
ª¨¥ ¤¢  ½«¥ª²°®  ¥ ¬®£³²
¨¬¥²¼ ®¤¨ ª®¢»¥ ª¢ ²®-
¢»¥ ·¨±« . � ®¤®¬¥°®¬ ²¢¥°-
¤®¬ ²¥«¥ ±¢®¡®¤»© ½«¥ª²°®
(½«¥ª²°®¯°®¢®¤¨¬®±²¨)¨¬¥¥²
ª¢ ²®¢»¥ ·¨±«  n ¨ms=�1=2
(n | ¶¥«®¥ ¯®«®¦¨²¥«¼®¥
·¨±«®).

�¡®§ ·¨¬ ·¥°¥§ nF ª¢ -
²®¢®¥ ·¨±«®  ¨¢»±¸¥£® § ¿-
²®£® ½¥°£¥²¨·¥±ª®£® ³°®¢¿.
�³¤¥¬ ¯®±«¥¤®¢ ²¥«¼® § ¯®«-
¿²¼ ½«¥ª²°® ¬¨ ½¥°£¥²¨·¥±ª¨¥ ³°®¢¨,  ·¨ ¿ ± ¨§¸¥£®, ª®-
²®°®¬³ ±®®²¢¥²±²¢³¥² n = 1, ¤® ²¥µ ¯®°, ¯®ª  ¥ ° §¬¥±²¿²±¿ ¢±¥ N
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½«¥ª²°®®¢. �°¥¤¯®«®¦¨¬ ¤«¿ ³¤®¡±²¢ , ·²® N | ·¥²®¥ ·¨±«®.
�®£¤  ¢»¯®«¿¥²±¿: N = 2nF. �¢¥¤¥¬ ®¯°¥¤¥«¥¨¥ ½¥°£¨¨ ½«¥ª-
²°®®¢, ±®®²¢¥²±²¢³¾¹¥© ¢»±¸¥¬³ § ¯®«¥®¬³ ³°®¢¾ | ½¥°-
£¨¨ �¥°¬¨, ª®²®° ¿ ¤«¿ ®¤®¬¥°®© ¬®¤¥«¨ ±¢®¡®¤»µ ½«¥ª²°®-
®¢, ± ³·¥²®¬ (8.49), ¡³¤¥² ¨¬¥²¼ § ·¥¨¥

"F =
~
2

2m0

��nF
L

�2
=

~
2

2m0

�
�N

2L

�2
: (8.50)

8.6. � ª® ° ±¯°¥¤¥«¥¨¿ �¥°¬¨{�¨° ª 

�«¿ ®¯¨± ¨¿ ±¢®©±²¢ ¨¤¥ «¼®£® £ §  ¢¯®«¥ ª®°°¥ª²® ¬®¦®
¯°¨¬¥¿²¼ § ª® ° ±¯°¥¤¥«¥¨¿ � ª±¢¥«« {�®«¼¶¬  . �®¶¥-
²° ¶¨¿ ½«¥ª²°®®¢ ¢ ¬¥² ««¥ ¢ 104 ° § ¡®«¼¸¥, ·¥¬ ª®¶¥²° ¶¨¿
 ²®¬®¢ ¢ £ §¥ ¯°¨ ®°¬ «¼»µ ³±«®¢¨¿µ. � ¯®«¥¨¥ ¢ ª ²»µ
½«¥ª²°®»µ ±®±²®¿¨© ¯°®¨±µ®¤¨² ¯°¨ ¤¥©±²¢¨¨ ¯°¨¶¨¯  � ³-
«¨. �®½²®¬³ ¤«¿ ½«¥ª²°®®¢ ¢ ¬¥² ««¥ ª« ±±¨·¥±ª ¿ ±² ²¨±²¨ª  ¥
¿¢«¿¥²±¿ ¯° ¢¨«¼»¬ ¯°¨¡«¨¦¥¨¥¬. � ¯°¨¬¥¥¨¨ ª ½«¥ª²°® ¬
ª¢ ²®¢ ¿ ±² ²¨±²¨ª  ²°¥¡³¥² ¢ª«¾·¥¨¿ ² ª¨µ ¯®«®¦¥¨©, ª ª:

1) ¥° §«¨·¨¬®±²¼ ½«¥ª²°®®¢;
2) ¥¤¨±²¢¥®±²¼ ª¢ ²®¢®£® ±®±²®¿¨¿ ½«¥ª²°® .
�®±ª®«¼ª³ ¢ ¤ ®¬ ±®±²®¿¨¨ ¬®¦¥²  µ®¤¨²¼±¿ ²®«¼ª® ®¤¨

½«¥ª²°®, ²® ¯°¨ ¡®«¼¸®¬ ·¨±«¥ ½«¥ª²°®®¢ ®ª ¦³²±¿ § ¿²»¬¨
±®±²®¿¨¿ ± ¡®«¼¸¨¬¨ ª¢ ²®¢»¬¨ ·¨±« ¬¨. � ½²®¬ ±®±²®¨² ±³-
¹¥±²¢¥®¥ ®²«¨·¨¥ ±² ²¨±²¨ª¨ ½«¥ª²°®®¢ ¢ ²¢¥°¤®¬ ²¥«¥ (±² ²¨-
±²¨ª¨ �¥°¬¨{�¨° ª ) ®² ª« ±±¨·¥±ª®© ±² ²¨±²¨ª¨, ¤«¿ ª®²®°®©
«¾¡®¥ ·¨±«® · ±²¨¶ ¬®¦¥² ¨¬¥²¼ ®¤¨ ª®¢»¥ ½¥°£¨¾ ¨ ¨¬¯³«¼±.

� ª ¨§¬¥¨²±¿ ±®±²®¿¨¥ ½«¥ª²°®®¢ ¯°¨ ¯®¢»¸¥¨¨ ²¥¬¯¥-
° ²³°»? �±«¥¤±²¢¨¥ ³¢¥«¨·¥¨¿ ª¨¥²¨·¥±ª®© ½¥°£¨¨ ½«¥ª²°®-
®£® £ §  ¯°®¨±µ®¤¨² ¯°®¶¥±± ¯¥°¥µ®¤  ½«¥ª²°®®¢   ½¥°£¥²¨-
·¥±ª¨¥ ³°®¢¨, ª®²®°»¥ ¡»«¨ ¢ ª ²»¬¨ ¯°¨  ¡±®«¾²®¬ ³«¥.
� ¯°®²¨¢, ®±¢®¡®¦¤ ¥²±¿ · ±²¼ ³°®¢¥©, § ¿²»µ ¯°¨  ¡±®«¾²®¬
³«¥. �±² ®¢«¥¨¥ ²¥°¬®¤¨ ¬¨·¥±ª®£® ° ¢®¢¥±¨¿ ¢ ² ª®© ±¨-
±²¥¬¥ ®¯°¥¤¥«¿¾²±¿ ´³ª¶¨¥© (° ±¯°¥¤¥«¥¨¥¬) �¥°¬¨{�¨° ª 
f("), ª®²®° ¿ ¯°¥¤±² ¢«¿¥² ±®¡®© ¢¥°®¿²®±²¼ ²®£®, ·²® ±®±²®¿¨¥
± ½¥°£¨¥© " § ¿²®, ª®£¤  ±¨±²¥¬  · ±²¨¶  µ®¤¨²±¿ ¢ ²¥¯«®¢®¬
° ¢®¢¥±¨¨ ¯°¨ ²¥¬¯¥° ²³°¥ T . �«¿ ¢»¢®¤  f(") ° ±±¬®²°¨¬ ¯°®-
±²³¾ ±¨±²¥¬³, ¢ ª®²®°®© n1 ½«¥ª²°®®¢ ¨¬¥¾² ½¥°£¨¾E1, n2 ½«¥ª-
²°®®¢ | ½¥°£¨¾ E2. �³±²¼ ·¨±«® ° §°¥¸¥»µ ¢ ª ²»µ ±®-
±²®¿¨©, ª®²®°»¥ ¬®£³² § ¨¬ ²¼ ½«¥ª²°®» ± ½¥°£¨¥© E1, ° ¢®
P1, ¤«¿ ½«¥ª²°®®¢ ± ½¥°£¨¥© E2 ®® ° ¢® P2. � ±¯°¥¤¥«¥¨¥
½«¥ª²°®®¢ ¯® ±®±²®¿¨¿¬ (¯°¨ ¤ ®¬ § ·¥¨¨ ½¥°£¨¨) ¡³¤¥²
±¤¥« ® ¥¤¨±²¢¥»¬ ®¡° §®¬, ¥±«¨ § ´¨ª±¨°®¢  ±¯®±®¡ ° ±-
¯®«®¦¥¨¿ ½«¥ª²°®®¢ ¢ ¤ ®¬ ±®±²®¿¨¨, ª®²®°»© ³¤®¡® ¯°¥¤-
±² ¢¨²¼ ª ª ° ±¯®«®¦¥¨¥ ½«¥ª²°®®¢ ¯® ¿·¥©ª ¬ ± ®¯°¥¤¥«¥»¬
®¬¥°®¬ k. �  ¸¥¬ ±«³· ¥ k = P1 ¨«¨ P2. �®±ª®«¼ª³ ½«¥ª²°®»
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¥° §«¨·¨¬», ·¨±«® ±¯®±®¡®¢ ° ±¯°¥¤¥«¥¨¿ n1 ½«¥ª²°®®¢ ¯® P1
¯®§¨¶¨¿¬ ° ¢® ·¨±«³ ±®·¥² ¨© ¨§ P1 ¯® n1:

!1 = Cn1
P1

=
P1!

n1!(P1 � n1)! : (8.51)

�¥©±²¢¨²¥«¼®, ·¨±«® ±®·¥² ¨© ¯°¨¬¥¿¾², ·²®¡» ¢»·¨±«¨²¼ ª®-
«¨·¥±²¢® ° §»µ ±¯®±®¡®¢ ¢»¡®°  m ½«¥¬¥²®¢ ¨§ ¬®¦¥±²¢  n,
ª®£¤  ¡¥§° §«¨·®, ¢ ª ª®¬ ¯®°¿¤ª¥ ½²¨ ½«¥¬¥²» ¢»¡¨° ¾²±¿.

�«¿ ¤°³£®© ½«¥ª²°®®© ¯®¤±¨±²¥¬» ± ·¨±«®¬ ½«¥ª²°®®¢ n2 ¨
½¥°£¨¥© E2, ±®¢¥°¸¥®   «®£¨·® (8.51), § ¯¨¸¥¬

!2 = Cn2
P2

=
P2!

n2!(P2 � n2)! : (8.52)

�±«¨ ° ±±¬ ²°¨¢ ²¼ ±¨±²¥¬³, ¢ª«¾· ¾¹³¾ ¢ ±¥¡¿ ³ª § »¥
¢»¸¥ ¤¢¥ ¯®¤±¨±²¥¬» ½«¥ª²°®®¢, ²® ®¡¹¥¥ ·¨±«® ±®±²®¿¨©, ¢
±¨«³ ¥§ ¢¨±¨¬®±²¨ ¢»¡®°  ¢ ª ¦¤®© ¨§ ¨µ, ±¢®¤¨²±¿ ª ¯°®¨§¢¥-
¤¥¨¾ ¢¥«¨·¨ !1 ¨ !2:

! = !1!2 =
P1!P2!

n1!n2!(P1 � n1)!(P2 � n2)! : (8.53)

�¥§ ®£° ¨·¥¨¿ ®¡¹®±²¨ ¨§ ½²¨µ ¤¢³µ ¯®¤±¨±²¥¬ ¬®¦® ±®±² -
¢¨²¼ ²°¥²¼¾, ±«¥¤®¢ ²¥«¼®, ° ±±¬®²°¥»¥ ²¥°¬®¤¨ ¬¨·¥±ª¨¥
±¨±²¥¬» ¬®£³² À¯¥°¥ª°»¢ ²¼±¿Á. � °¥§³«¼² ²¥ ½«¥ª²°® ¨§ ®¤®©
¯®¤±¨±²¥¬» ¬®¦¥² § ¿²¼ ¢ ª ²®¥ ±®±²®¿¨¥ ¢ ¤°³£®© ¯®¤±¨-
±²¥¬¥. �®±ª®«¼ª³ ° ¥¥ ¨ª ª¨µ ®£° ¨·¥¨©   ¯®¤±¨±²¥¬» ¥
 ª« ¤»¢ «®±¼, ¤«¿ ½«¥ª²°®®© ±¨±²¥¬», ±®±²®¿¹¥© ¨§ ¯°®¨§-
¢®«¼®£® ·¨±«  ¯®¤±¨±²¥¬, ´®°¬³«  ¤«¿ ¯®¤±·¥²  ·¨±«  ±®±²®¿¨©
¬®¦¥² ¡»²¼ § ¯¨±   ¢ ®¡¹¥¬ ¢¨¤¥:

! = !1!2!3 : : : =
Y
k

Pk !

nk!(Pk � nk)!
: (8.54)

�¥«¨·¨  !  §»¢ ¥²±¿ ²¥°¬®¤¨ ¬¨·¥±ª®© ¢¥°®¿²®±²¼¾. �
®²«¨·¨¥ ®² ¬ ²¥¬ ²¨·¥±ª®© ¢¥°®¿²®±²¨, ª®²®° ¿ ¬¥¼¸¥ ¨«¨ ° ¢-
  ¥¤¨¨¶¥, ®¡° ² ¿ ¥© ²¥°¬®¤¨ ¬¨·¥±ª ¿ ¢¥°®¿²®±²¼ ¬®¦¥²
¢»° ¦ ²¼±¿ ¡®«¼¸¨¬¨ ·¨±« ¬¨. �¥¦¤³ ½²°®¯¨¥© S ±¨±²¥¬»
¨§ ¬®£¨µ · ±²¨¶ ¨ ²¥°¬®¤¨ ¬¨·¥±ª®© ¢¥°®¿²®±²¼¾ ±³¹¥±²¢³¥²
¢ ¦ ¿ ¢§ ¨¬®±¢¿§¼, ³±² ®¢«¥ ¿ �.�®«¼¶¬ ®¬:

S = kB ln !: (8.55)

�³±²¼ ¯®«®¥ ·¨±«® · ±²¨¶ N ¢ ±¨±²¥¬¥ ¯®±²®¿® ¨ ° ¢®

N =
X
k

nk : (8.56)
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�·¨² ¥¬ ² ª¦¥, ·²® ¯®« ¿ ½¥°£¨¿ ±¨±²¥¬» ½«¥ª²°®®¢ ¯®±²®-
¿ :

E =
X
k

nkEk: (8.57)

�§¿¢ ¯®«»¥ ¤¨´´¥°¥¶¨ «» ®² (8.56) ¨ (8.57), ¯®«³·¨¬:X
k

dnk = 0;
X
k

Ekdnk = 0: (8.58)

�°®«®£ °¨´¬¨°³¥¬ ¢»° ¦¥¨¥ (8.54):

ln ! =
X
k

�
lnPk !� lnnk !� ln (Pk � nk)!

�
: (8.59)

�®±ª®«¼ª³ ·¨±« , ¢µ®¤¿¹¨¥ ¢ ¯° ¢³¾ · ±²¼ (8.59), ¢¥«¨ª¨, ¤«¿ ¯°¥-
®¡° §®¢ ¨¿ «®£ °¨´¬  ³¤®¡® ¨±¯®«¼§®¢ ²¼ ´®°¬³«³ �²¨°«¨£ 

ln (n!) � n ln n� n: (8.60)

�®£¤  ¢»° ¦¥¨¥ (8.59) ³¯°®¹ ¥²±¿:

ln! =
X
k

�
Pk lnPk � nk ln nk � (Pk � nk) ln (Pk � nk)

�
: (8.61)

�²°®¯¨¿ § ¬ª³²®© ²¥°¬®¤¨ ¬¨·¥±ª®© ±¨±²¥¬»,  µ®¤¿¹¥©±¿
¢ ° ¢®¢¥±®¬ ±®±²®¿¨¨, ±²°¥¬¨²±¿ ª ¬ ª±¨¬ «¼®¬³ § ·¥¨¾.
�§ ½²®£® ³±«®¢¨¿ ¨ ¨§ (8.61) ¨ (8.55) ±«¥¤³¥²

d

�
S

kB

�
= d(ln!) =

X
k

�
ln (Pk � nk)� lnnk

�
dnk = 0: (8.62)

�²®¡» ³·¥±²¼ ³±«®¢¨¿ (8.58) ±®µ° ¥¨¿ ·¨±«  · ±²¨¶ ¨ ¯®«®©
½¥°£¨¨ ¢ ±¨±²¥¬¥, ¨±¯®«¼§³¥¬ ¬¥²®¤ ¥®¯°¥¤¥«¥»µ ¬®¦¨²¥-
«¥© � £° ¦ . �«¿ ½²®£® ¯®¬®¦¨¬ ª ¦¤®¥ ¨§ ³±«®¢¨© (8.58)  
¥®¯°¥¤¥«¥»¥ ¬®¦¨²¥«¨ � ¨ �, ±®®²¢¥²±²¢¥®, ¨ ¢»·²¥¬ ¨µ
¨§ (8.62):

d

�
S

kB
� �N � �E

�
=

=
X
k

�
ln (Pk � nk)� ln (nk)� �� �Ek

�
dnk = 0: (8.63)

�¨´´¥°¥¶¨ «» dnk | ¥§ ¢¨±¨¬»¥, ¯®½²®¬³ ¤«¿ ¢»¯®«¥¨¿
³±«®¢¨¿ (8.63) ±«¥¤³¥² ¯°¨° ¢¿²¼ ¢¥«¨·¨³ ¢ ±ª®¡ª µ ª ³«¾:

ln (Pk � nk)� ln (nk)� � � �Ek = 0: (8.64)
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� ·¥¨¥ nk | ½²® ° ¢®¢¥±®¥ (±°¥¤¥¥) ·¨±«® ½«¥ª²°®®¢ ± ½¥°-
£¨¥© Ek. �¥°¥¯¨¸¥¬ (8.64) ¢ ¢¨¤¥

Pk � nk
nk

= exp (�+ �Ek): (8.65)

�®£¤  ±°¥¤¥¥ ·¨±«® ½«¥ª²°®®¢, ¯°¨µ®¤¿¹¥¥±¿   ®¤® ª¢ ²®¢®¥
±®±²®¿¨¥, ¬®¦¥² ¡»²¼ ¯®«³·¥® ¨§ (8.65) ² ª:

gk =
nk
Pk

=
1

1 + exp (�+ �Ek)
: (8.66)

�¥®¡µ®¤¨¬® ¢»¿±¨²¼ ±¬»±« ª®½´´¨¶¨¥²®¢ � ¨ �. �§ ° ¢¥±²¢ 
³«¾ «¥¢®© · ±²¨ ¢»° ¦¥¨¿ (8.63) ±«¥¤³¥²:

� =
1

kB

�
@S

@N

�
E

; � =
1

kB

�
@S

@E

�
N

: (8.67)

�®±¯®«¼§³¥¬±¿ ¥ª®²®°»¬¨ ²¥°¬®¤¨ ¬¨·¥±ª¨¬¨ ±®®²®¸¥¨¿¬¨.
�®±²®¿¨¥ ±¨±²¥¬» ®¯¨±»¢ ¥²±¿ ¯®²¥¶¨ «®¬ �¨¡¡±  ¨«¨ ±¢®¡®¤-
®© ½¥°£¨¥©:

F = E � TS + �N; (8.68)

£¤¥ T | ²¥¬¯¥° ²³° , S | ½²°®¯¨¿, N | ·¨±«® · ±²¨¶ ¢ ±¨±²¥¬¥,
� | µ¨¬¨·¥±ª¨© ¯®²¥¶¨ «.

�«¿ ´³ª¶¨© ±®±²®¿¨¿ E ¨ F ¢»¯®«¿¾²±¿ ±®®²®¸¥¨¿:

dE = TdS + �dN; (8.69)

dF = dE � SdT + �dN; (8.70)

¨«¨ ½ª¢¨¢ «¥²»¥ ¨¬ ° ¢¥±²¢ 

T =

�
@E

@S

�
N

; (8.71)

�S =

�
@F

@T

�
N

; (8.72)

� =

�
@F

@N

�
T

; (8.73)

� = �
�
@E

@N

�
S

: (8.74)
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�° ¢¨¢ ¿ (8.71) ¨ (8.74) ± (8.67), ¯®«³·¨¬ ¿¢»© ¢¨¤ ª®½´´¨¶¨-
¥²®¢ � ¨ �:

� = � �

kBT
; (8.75)

� =
1

kBT
: (8.76)

�®¤±² ¢«¿¿ ¯®«³·¥»¥ ª®½´´¨¶¨¥²» ¢ (8.66), ¯®«³·¨¬:

gk =
1

1 + exp
�
(Ek � �)=kBT

� : (8.77)

�±«¨ ¢ (8.77) ±®¢¥°¸¨²¼ ¯¥°¥µ®¤ Ek ! ", £¤¥ " | ½¥°£¨¿ ¯°®¨§-
¢®«¼®£® ½«¥ª²°®®£® ±®±²®¿¨¿, ²® ¯®«³·¨¬ ´³ª¶¨¾ ° ±¯°¥¤¥-
«¥¨¿ �¥°¬¨{�¨° ª :

f(") =
1

1 + exp
�
("� �)=kBT

� : (8.78)

�°¨¬¥° ¥¥ ²¥¬¯¥° ²³°®© § ¢¨±¨¬®±²¨ ¯®ª §    °¨±. 8.6. �°¨
 ¡±®«¾²®¬ ³«¥ µ¨¬¨·¥±ª¨© ¯®²¥¶¨ « � = "F, ¯®±ª®«¼ª³ ¢ ¯°¥-
¤¥«¥ ¯°¨ T ! 0 ´³ª¶¨¿ f(") ¬¥¿¥²±¿ ±ª ·ª®¬ ®² 1 (§ ¯®«¥-

�¨±. 8.6. �³ª¶¨¿ ° ±¯°¥¤¥«¥¨¿ �¥°¬¨{�¨° ª  ¯°¨ ° §«¨·»µ ²¥¬¯¥° ²³° µ
¤«¿ ±«³· ¿ TF = "F=kB = 5 � 10

4 K

»© ³°®¢¥¼) ¤® § ·¥¨¿, ° ¢®£® 0 (¢ ª ²»© ³°®¢¥¼) ¯°¨
" = � = "F. �°¨ «¾¡®© ²¥¬¯¥° ²³°¥ T > 0 ¯°¨ " = � f(") = 1=2.

�§ ¢¨¤  ´³ª¶¨¨ f(") (°¨±. 8.6) ¬®¦® ² ª¦¥ ®¯°¥¤¥«¨²¼ ½¥°-
£¨¾ �¥°¬¨ ª ª ½¥°£¨¾  ¨¡®«¥¥ ¢»±®ª®£® ¥¹¥ § ¿²®£® ½«¥ª²°®-
 ¬¨ ±®±²®¿¨¿ ¯°¨  ¡±®«¾²®¬ ³«¥.

�¡« ±²¼ ´³ª¶¨¨ ° ±¯°¥¤¥«¥¨¿, ±®®²¢¥²±²¢³¾¹ ¿ ¡®«¼¸¨¬
½¥°£¨¿¬ (Àµ¢®±²Á ´³ª¶¨¨ ° ±¯°¥¤¥«¥¨¿), ª®£¤  " � � � kBT ,
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®²¢¥· ¥² ¡®«¼¸¨¬ § ·¥¨¿¬ ½ª±¯®¥²» ¢ (8.78), ±«¥¤®¢ ²¥«¼®,
¬®¦® ¯°¥¥¡°¥·¼ ¥¤¨¨¶¥© ¨ ¯°¨¡«¨¦¥® ¯®«³·¨²¼

f(") � exp

�
�� "
kBT

�
: (8.79)

�²® ±®®²®¸¥¨¥ ±®®²¢¥²±²¢³¥² ª« ±±¨·¥±ª®© ´³ª¶¨¨ ° ±¯°¥¤¥«¥-
¨¿ �®«¼¶¬  .

8.7. � § ±¢®¡®¤»µ ½«¥ª²°®®¢ ¢ ²°¥µ¬¥°®¬ ±«³· ¥

� ¦® ° ±±¬®²°¥²¼ ¡®«¥¥ °¥ «¨±²¨·»© ±«³· © ²°¥µ¬¥°®£®
ª°¨±² ««  ± ·¨±«®¬  ²®¬®¢, ° ¢»¬ N . �«¿ ¥£® ³° ¢¥¨¥ �°¥-
¤¨£¥°  ¨¬¥¥² ¢¨¤

� ~

2m0

�
d2

dx2
+

d2

dy2
+

d2

dz2

�
 k(r) = "k k(r); (8.80)

£¤¥  k(r) | ¢®«®¢ ¿ ´³ª¶¨¿ ½«¥ª²°®  ± ¢®«®¢»¬ ¢¥ª²®°®¬ k.
�±«¨ ° ±±¬ ²°¨¢ ²¼ ª°¨±² «« ¢ ¢¨¤¥ ª³¡  ±® ±²®°®®© L, ²® ®
¯°¥¤±² ¢«¿¥² ±®¡®© ²°¥µ¬¥°³¾ ¯®²¥¶¨ «¼³¾ ¿¬³ ¤«¿ ½«¥ª²°®-
®¢, ¨ °¥¸¥¨¥¬ ³° ¢¥¨¿ �°¥¤¨£¥°  (8.80) ¡³¤¥² ²°¥µ¬¥°»©
  «®£ ¢®«®¢®© ´³ª¶¨¨ (8.47):

 n(r) = A sin
��nx
L
x
�
sin
��ny
L
y
�
sin
��nz
L
z
�
; (8.81)

£¤¥ nx, ny , nz | ¯®«®¦¨²¥«¼»¥ ¶¥«»¥ ·¨±« . �¥®¡µ®¤¨¬® ³·¥±²¼
ª®¥·®±²¼ ° §¬¥°®¢, ¯¥°¨®¤¨·®±²¼¨¤¨±ª°¥²®±²¼ ±²°®¥¨¿ ª°¨-
±² «« . �«¿ ½²®£® ¯°¨¬¥¿¾² ¯¥°¨®¤¨·¥±ª¨¥ £° ¨·»¥ ³±«®¢¨¿
  ¢®«®¢³¾ ´³ª¶¨¾ (8.81) (  «®£¨·® ±«³· ¾ ´®®®¢ ¢ ²°¥µ-
¬¥°®© °¥¸¥²ª¥, £«. 5).

�¥¸¥¨¥, ª®²®°®¥ ³¤®¢«¥²¢®°¿¥² ³° ¢¥¨¾ (8.80) ¨ £° ¨·-
»¬ ³±«®¢¨¿¬ (5.28), ¯°¥¤±² ¢«¿¥² ±®¡®© ¯«®±ª³¾ ¢®«³:

 k(r) = exp
�
i(k; r)

�
(8.82)

¯°¨ ³±«®¢¨¨, ·²® ª®¬¯®¥²» ¢®«®¢®£® ¢¥ª²®°  k ¯°®¡¥£ ¾² ¤¨±-
ª°¥²»© °¿¤ § ·¥¨©:

kx = 0; � 2�

L
; � 4�

L
; : : : ; � 2�nx

L
; � �Nx

L
;

ky = 0; � 2�

L
; � 4�

L
; : : : ; � 2�ny

L
; � �Ny

L
;

kz = 0; � 2�

L
; � 4�

L
; : : : ; � 2�nz

L
; � �Nz

L
;

(8.83)

£¤¥ nx, ny , nz | ¯®«®¦¨²¥«¼»¥ ¶¥«»¥ ·¨±« ; Nx, Ny, Nz | ·¨±« 
 ²®¬®¢ ¢  ²®¬»µ °¿¤ µ ¢¤®«¼ z-, y-, z- ¯° ¢«¥¨©. �¥¬ ± ¬»¬
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ª®¬¯®¥²» ¢®«®¢®£® ¢¥ª²®°  k ¿¢«¿¾²±¿ ª¢ ²®¢»¬¨ ·¨±« ¬¨
¤ ®© § ¤ ·¨  °¿¤³ ±® ±¯¨®¢»¬¨ ª¢ ²®¢»¬¨ ·¨±« ¬¨. �«¿
²®£®, ·²®¡» ³¡¥¤¨²¼±¿ ¢ ±¯° ¢¥¤«¨¢®±²¨ °¥¸¥¨¿ (8.82), ¯°¥¤±² -
¢¨¬ ¥£® ¢ ¢¨¤¥

exp
�
ikx(x+ L)

�
= exp

�
i2�nx(x+ L)

L

�
=

= exp

�
i2�nxx

L

�
exp (i2�nx) = exp

�
i2�nxx

L

�
= exp (ikxx):

(8.84)

�®¤±² ®¢ª  (8.82)¢ ³° ¢¥¨¥ (8.80) ¯®§¢®«¿¥² ¯®«³·¨²¼ ±®¡±²¢¥-
»¥ § ·¥¨¿ ½¥°£¨¨ "k ½«¥ª²°®  ± ¢®«®¢»¬ ¢¥ª²®°®¬ k:

"k =
~
2

2m0

(k2x + k2y + k2z) =
~
2

2m0

k2: (8.85)

�®¤³«¼ ¢®«®¢®£® ¢¥ª²®°  ±¢¿§  ± ¤«¨®© ¢®«» ¨§¢¥±²»¬ ±®-
®²®¸¥¨¥¬:

jkj = 2�

�
:

�®¿²¨¾ ¨¬¯³«¼±  p · ±²¨¶», ®¤®¬³ ¨§ ®±®¢»µ ¢ ª« ±±¨·¥±ª®©
¬¥µ ¨ª¥, ¢ ª¢ ²®¢®© ¬¥µ ¨ª¥ ±®®²¢¥²±²¢³¥² ®¯¥° ²®° ¨¬¯³«¼± 

p̂ = �~r = �i~ @
@r
: (8.86)

�¥©±²¢³¿ ®¯¥° ²®°®¬ (8.86)   ¢®«®¢³¾ ´³ª¶¨¾ ±¢®¡®¤®£® ½«¥ª-
²°®  (8.82), ¯®«³·¨¬:

p̂ k(r) = �i~ @
@r

exp
�
i(k; r)

�
= ~k k(r): (8.87)

�®«³·¥  § ¤ ·    ±®¡±²¢¥»¥ ´³ª¶¨¨ ¨ ±®¡±²¢¥»¥ § ·¥¨¿,
¯°¨·¥¬ ¢®«®¢ ¿ ´³ª¶¨¿  k(r) ¿¢«¿¥²±¿ ±®¡±²¢¥®© ´³ª¶¨¥©
®¯¥° ²®°  p̂,   ¥£® ±®¡±²¢¥»¬ § ·¥¨¥¬ ¿¢«¿¥²±¿ ¢¥ª²®° p = ~k.
�ª®°®±²¼ · ±²¨¶» ¢ ±®±²®¿¨¨ ± ¢®«®¢»¬ ¢¥ª²®°®¬ k ¨¬¥¥² ¢¥-
«¨·¨³

v =
~k

m0

: (8.88)

�¢ ²®¢»¥ ±®±²®¿¨¿ ±¨±²¥¬» ¨§N ±¢®¡®¤»µ ½«¥ª²°®®¢ ³¤®¡-
® ¯°¥¤±² ¢¨²¼ ¢ ²°¥µ¬¥°®¬ ¯°®±²° ±²¢¥ ¢®«®¢»µ ¢¥ª²®°®¢ (k-
¯°®±²° ±²¢¥). � ¿²»¥ ±®±²®¿¨¿ ¡³¤³² ®¯°¥¤¥«¥» ²®·ª ¬¨ ¢³-
²°¨ ±´¥°» ¢ k-¯°®±²° ±²¢¥,   ¯®¢¥°µ®±²¨ ½²®© ±´¥°» ¡³¤¥² ±®-
®²¢¥²±²¢®¢ ²¼ ½¥°£¨¿ "F. � ¬  ¯®¢¥°µ®±²¼, ¯°®¢¥¤¥ ¿ ·¥°¥§
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ª®¶» ¢®«®¢»µ ¢¥ª²®°®¢ ¬ ª±¨¬ «¼®© ¤«¨» kF,  §»¢ ¥²±¿
¯®¢¥°µ®±²¼¾ �¥°¬¨. � ±«³· ¥ ±¢®¡®¤»µ ½«¥ª²°®®¢ ¯®¢¥°µ-
®±²¼ �¥°¬¨ ¯°¥¤±² ¢«¿¥² ±®¡®© ±´¥°³ ° ¤¨³±  kF (°¨±. 8.7), ª®-
²®°»© ¬®¦® ®¯°¥¤¥«¨²¼ ¨§ ±®®²®¸¥¨¿ (8.85)

"F =
~
2

2m0

k2
F
: (8.89)

�§ (8.83) ±«¥¤³¥², ·²® ¯°®±²° ±²¢® ¢®«®¢»µ ¢¥ª²®°®¢ ¤¨±-
ª°¥²®, ² ª ·²® ª ¦¤®¬³ ¢¥ª²®°³ kn $ (kx; ky; kz) ®²¢¥· ¥² ½«¥-
¬¥² ®¡º¥¬  ¢ k-¯°®±²° ±²¢¥, ° ¢»© ¢¥«¨·¨¥ (2�=L)3. �®£¤ ,
¥±«¨ ¢§¿²¼ · ±²®¥ ®² ¤¥«¥¨¿ ¢±¥£® ®¡º¥¬  k-¯°®±²° ±²¢ , ±®¤¥°-
¦ ¹¥£® ²®«¼ª® ° §°¥¸¥»¥ ½«¥ª²°®»¥ ±®±²®¿¨¿,   ½«¥¬¥²
®¡º¥¬ , ±®®²¢¥²±²¢³¾¹¨© ®¤®¬³ ° §°¥¸¥®¬³ ±®±²®¿¨¾, ²®
¬» ¯®«³·¨¬ ·¨±«® ° §°¥¸¥»µ ±®-
±²®¿¨©, ª®²®°®¥, ± ¤°³£®© ±²®°®»,
¤®«¦® ¡»²¼ ° ¢® ·¨±«³ ½«¥ª²°®®¢:

2
(4=3)�k3

F

(2�=L)3
=

V

3�2
k3
F
= N; (8.90)

£¤¥ ¬®¦¨²¥«¼ 2 ¯®¿¢¨«±¿, ·²®¡»
³·¥±²¼ ±¯¨®¢®¥ ¢»°®¦¤¥¨¥ ¯® ½¥°-
£¨¨, V = L3 | ®¡º¥¬ ª°¨±² «« .
� ¯®¬®¹¼¾ (8.90) ¬®¦® ¯®«³·¨²¼
¢ ¦³¾ ´®°¬³«³:

�¨±. 8.7. �®¢¥°µ®±²¼ �¥°¬¨ ¤«¿
±¢®¡®¤»µ ½«¥ª²°®®¢ ¢ ¯°®±²-
° ±²¢¥ ¢®«®¢»µ ¢¥ª²®°®¢kF =

�
3�2N

V

�1=3

=
3
p

3�2n½«; (8.91)

®²ª³¤  ±«¥¤³¥², ·²® ° ¤¨³± ±´¥°» �¥°¬¨ § ¢¨±¨² ²®«¼ª® ®² ª®-
¶¥²° ¶¨¨ ½«¥ª²°®®¢. �®¤±² ¢«¿¿ (8.91) ¢ (8.89), ¯®«³·¨¬ ±®®²-
®¸¥¨¥ ¤«¿ ½¥°£¨¨ �¥°¬¨:

"F =
~
2

2m0

(3�2ne)
2=3; (8.92)

¨§ ª®²®°®£® ®·¥¢¨¤  § ¢¨±¨¬®±²¼ "F ®² ª®¶¥²° ¶¨¨ ¨ ¬ ±±»
½«¥ª²°®®¢. �«¿ ±ª®°®±²¨ ½«¥ª²°®®¢,  µ®¤¿¹¨µ±¿   ¯®¢¥°µ®-
±²¨ �¥°¬¨ ¨ ®¡« ¤ ¾¹¨µ ±®®²¢¥²±²¢³¾¹¥© ½¥°£¨¥©, ± ¯®¬®¹¼¾
(8.88) ¯®«³·¨¬:

vF =
~kF
m0

=
~

m0

(3�2ne)
2=3: (8.93)
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8.8. �«®²®±²¼ ½«¥ª²°®»µ ±®±²®¿¨©.
�»°®¦¤¥¨¥ ½«¥ª²°®®£® £ §  ¢ ¬¥² «« µ

� ±¯°¥¤¥«¥¨¥ ½«¥ª²°®®¢ ¯® ½¥°£¨¿¬ ¯®¤·¨¿¥²±¿ ±² ²¨±²¨ª¥
�¥°¬¨{�¨° ª  (8.78), ¨ ½²® ®¡±²®¿²¥«¼±²¢® ®¡³±«®¢«¨¢ ¥² °¿¤
±¢®©±²¢ ½«¥ª²°®®£® £ § , ®²«¨·»µ ®² ±¢®©±²¢ ª« ±±¨·¥±ª®£® £ § .
�°®¬¥ ´³ª¶¨¨ ° ±¯°¥¤¥«¥¨¿ �¥°¬¨{�¨° ª , ¤«¿   «¨§  ½«¥ª-
²°®®© ±¨±²¥¬» ¥®¡µ®¤¨¬® ¢¢¥±²¨ ´³ª¶¨¾¯«®²®±²¨ ½«¥ª²°®-
»µ ±®±²®¿¨©. � ±¨«³ ²®£®, ·²® ·¨±«®  ²®¬®¢ ¨ ° §¬¥°» ª°¨-
±² ««  ¢¥«¨ª¨, ¨§ (8.83) ±«¥¤³¥², ·²® ° §¨¶  ¬¥¦¤³ À±®±¥¤¨¬¨Á
§ ·¥¨¿¬¨ ¢®«®¢»µ ¢¥ª²®°®¢ �k ! 0 ¨ ±«¥¤³¥² £®¢®°¨²¼ ¥ ®
¤¨±ª°¥²®¬,   ® ª¢ §¨¥¯°¥°»¢®¬ ±¯¥ª²°¥ ½«¥ª²°®»µ ±®±²®¿-
¨©. �¯°¥¤¥«¨¬ ¯«®²®±²¼ ½«¥ª²°®»µ ±®±²®¿¨© D(") ² ª¨¬
®¡° §®¬, ·²®¡» ¢ ¨²¥°¢ « ½¥°£¨© d" ¯®¯ ¤ «® dN ½«¥ª²°®»µ
±®±²®¿¨©:

dN = D(") = d": (8.94)

� «¨²¨·¥±ª¨© ¢¨¤ ´³ª¶¨¨ ¯«®²®±²¨ ½«¥ª²°®»µ ±®±²®¿-
¨© D(") ¢ ®¡¹¥¬ ±«³· ¥ ¥¨§¢¥±²¥, ®¤ ª® ¤«¿ ±¢®¡®¤»µ ½«¥ª-

²°®®¢ ¨¬¥¥²±¿ ¯°®±²®© § ª® ¤¨±-
¯¥°±¨¨ (8.85). � ª®®°¤¨ ² µ ¯°®-
±²° ±²¢  ¢®«®¢»µ ¢¥ª²®°®¢ ±®®²®-
¸¥¨¥ (8.85) ¬®¦¥² ¡»²¼ ¯°¥¤±² ¢-
«¥® ª ª ³° ¢¥¨¥ ±´¥°» (°¨±. 8.8)

k2x + k2y + k2z = R2 (8.95)

± ° ¤¨³±®¬

R = jkj =
r

2m0"

~2
: (8.96)

�¨±. 8.8.�§®½¥°£¥²¨·¥±ª¨¥ ¯®-
¢¥°µ®±²¨ ±¢®¡®¤»µ ½«¥ª²°®-
®¢ ¢ ¯°®±²° ±²¢¥ ¢®«®¢»µ
¢¥ª²®°®¢

� ·¥¨¾ ½¥°£¨¨ " ±®®²¢¥²±²¢³¥²
±´¥°  ° ¤¨³±  k ± ¶¥²°®¬ ¢  · «¥
ª®®°¤¨ ², § ·¥¨¾ ½¥°£¨¨

"+�"| ±´¥°  ° ¤¨³±  k+�k. �«¥¤®¢ ²¥«¼®, ¢ ±´¥°¨·¥±ª¨© ±«®©
¢ ¯°®±²° ±²¢¥ ¢®«®¢»µ ¢¥ª²®°®¢ ± ²®«¹¨®© dk ¨ ± ®¡º¥¬®¬

4�k2dk = 4�k2
dk

d"
d" (8.97)

¯®¯ ¤ ¾² ½¥°£¥²¨·¥±ª¨¥ ±®±²®¿¨¿ ¢ ¨²¥°¢ «¥ ®² " ¤® " + d".
� ¦¤®¬³ ¢¥ª²®°³ k (kx; ky; kz) ®²¢¥· ¥² ½«¥¬¥² ®¡º¥¬  ¢ k-¯°®-
±²° ±²¢¥, ° ¢»© ¢¥«¨·¨¥ (2�=L)3. �®£¤  ·¨±«® ° §°¥¸¥»µ
½«¥ª²°®»µ ±®±²®¿¨©, ¯®¯ ¢¸¨µ ¢ ±´¥°¨·¥±ª¨© ±«®© (8.97), ¡³-
¤¥² ° ¢®

dN = 2 � 4�k
2dk

(2�=L)3
; (8.98)
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£¤¥ ¬®¦¨²¥«¼ À2Á ³·¨²»¢ ¥² ±¯¨®¢®¥ ¢»°®¦¤¥¨¥ ½«¥ª²°®®¢
¯® ½¥°£¨¿¬ | ¢ ®¤®¬ ½¥°£¥²¨·¥±ª®¬ ±®±²®¿¨¨ ±®±³¹¥±²¢³¾²
2 ½«¥ª²°®  ±  ²¨¯ ° ««¥«¼»¬¨ ±¯¨ ¬¨. �±¯®«¼§³¿ (8.96),
¬®¦® § ¯¨± ²¼

dk =
1

2

r
2m0

~2

d"p
"
: (8.99)

�®¤±² ¢«¿¿ (8.99) ¢ (8.98), ± ³·¥²®¬ ®¯°¥¤¥«¥¨¿ ¯«®²®±²¨ ½«¥ª-
²°®»µ ±®±²®¿¨© (8.94) ¯®«³·¨¬:

dN = D(")d" = 2

�
L

2�

�3
4� � 2m0"

~2
� 1
2

r
2m0

~2"
d" =

=
V

2�2

�
2m0

~2

�3=2p
"d"; (8.100)

£¤¥ V | ®¡º¥¬ ª°¨±² «« . � ª¨¬ ®¡° §®¬, ¤«¿ ¯«®²®±²¨ ½«¥ª-
²°®»µ ±®±²®¿¨© ¨§ (8.100) ±«¥¤³¥²:

D(") =

8<
:

V

2�2

�
2m0

~2

�3=2p
"; " > 0;

0; " < 0:

(8.101)

�«®²®±²¼ ½«¥ª²°®»µ ±®±²®¿¨© ¿¢«¿¥²±¿ ¬®®²®®© ¢®§° ±² -
¾¹¥© ´³ª¶¨¥© ½¥°£¨¨ (°¨±. 8.9).

�¥¬ ¡®«¼¸¥ ¢¥«¨·¨  ½¥°£¨¨, ²¥¬ ¡®«¼¸¥¥ ·¨±«® ½«¥ª²°®-
»µ ±®±²®¿¨© ±®®²¢¥²±²¢³¥² ®¤¨ ª®¢»¬ ¯® ¸¨°¨¥ ¨²¥°¢ « ¬
½¥°£¨¨. �«¥¤®¢ ²¥«¼®, ± ³¢¥-
«¨·¥¨¥¬ ½¥°£¨¨ ¢®§° ±² ¥²
ª° ²®±²¼ ¢»°®¦¤¥¨¿ ½¥°£¥-
²¨·¥±ª¨µ ±®±²®¿¨©.

�¨±. 8.9. �«®²®±²¼ ±®±²®¿¨© ±¢®¡®¤-
»µ ½«¥ª²°®®¢

�®«®¥ ·¨±«® ½«¥ª²°®®¢ ¢
±¨±²¥¬¥ ¯°¨ ª®¥·®© ²¥¬¯¥° -
²³°¥ T ¬®¦® ¯®¤±·¨² ²¼ ² ª:

N =

1Z
0

f(")D(")d": (8.102)

� ±±¬®²°¨¬ ½«¥ª²°®»© £ § ¢ ²¢¥°¤®¬ ²¥«¥,  µ®¤¿¹¥¬±¿ ¯°¨
T = 0. �±¯®«¼§³¥¬ ¤«¿   «¨§  ° ±¯°¥¤¥«¥¨¥ �¥°¬¨{�¨° ª 
(8.78). �±«¨ ½¥°£¨¿ ½«¥ª²°®  " < "F, ²® ¯°¨ T ! 0 ¤®«¦®
¢»¯®«¿²¼±¿:

exp

�
"� "F
kBT

�
! e�1 = 0; f(")! 1: (8.103)
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�°¨ " > "F ¨ T ! 0 ¨§ (8.78) ¯®«³· ¥¬:

exp

�
"� "F
kBT

�
! e1 =1; f(")! 0: (8.104)

�§ (8.103) ¨ (8.104) ±«¥¤³¥², ·²® ¯°¨  ¡±®«¾²®¬ ³«¥ ½«¥ª²°®»,
¢ ±®®²¢¥²±²¢¨¨ ± ¯°¨¶¨¯®¬ � ³«¨, ¯®±«¥¤®¢ ²¥«¼® § ¨¬ ¾² ¢±¥
½¥°£¥²¨·¥±ª¨¥ ±®±²®¿¨¿ ¨¦¥ ½¥°£¨¨ �¥°¬¨, ¨,  ¯°®²¨¢, ¢ -
ª ²» ¢±¥ ½«¥ª²°®»¥ ±®±²®¿¨¿ ± ½¥°£¨¿¬¨ " > "F. �«¿ ½²®£®
±«³· ¿ ±®®²®¸¥¨¥ (8.102) ¬®¦® ¯¥°¥¯¨± ²¼ ² ª:

N =

"FZ
0

D(")d": (8.105)

�®±² ¢«¿¿ (8.101) ¢ (8.105), ¯®«³·¨¬:

N =
V

3�2

�
2m0

~2

�3=2
"
3=2
F
; (8.106)

«¨¡®

"F =
~
2

2m0

�
3�2N

V

�2=3

=
~
2

2m0

(3�2ne)
2=3; (8.107)

£¤¥ ne = N=V | ª®¶¥²° ¶¨¿ ½«¥ª²°®®¢ ¢ ²¢¥°¤®¬ ²¥«¥. �»° -
¦¥¨¥ (8.107) ±®¢¯ ¤ ¥², ¥±²¥±²¢¥®, ± ´®°¬³«®© (8.92).

� ±±·¨² ¥¬ ±°¥¤¾¾ ½¥°£¨¾ ½«¥ª²°®®¢ ¯°¨ T = 0:

" =
1

N

"FZ
0

"dN =
1

N

"FZ
0

"D(")d" =
1

2�2
V

N

�
2m0

~2

�3=2 "FZ
0

"3=2d" =

=
2

5

1

2�2ne

�
2m0

~2

�3=2

"
5=2
F : (8.108)

�° ¢¥¨¥ (8.108) ± (8.107) ¯®§¢®«¿¥² ¯®«³·¨²¼ ¢ ¦®¥ ±®®²®¸¥-
¨¥

" =
3

5
"F: (8.109)

�°¥¤¿¿ ½¥°£¨¿ ½«¥ª²°®®¢ ¯°¨ T = 0 ®²«¨·  ®² ³«¿ ¨ ¤«¿
° §«¨·»µ ª°¨±² ««®¢ ±®±² ¢«¿¥² ¢¥«¨·¨³ 4{6 ½�.

�¢®¡®¤»© ½«¥ª²°®»© £ § ¯°¨ T = 0 ¯°¥¤±² ¢«¿¥² ±®¡®© ¯°¨-
¬¥° ¯®«®£® ¢»°®¦¤¥¨¿ ª¢ ²®¢»µ ±®±²®¿¨© ª°¨±² «« . �¥©-
±²¢¨²¥«¼®, ¢±¥ ½«¥ª²°®»¥ ±®±²®¿¨¿ ± ½¥°£¨¿¬¨ 0 6 " 6 "F
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¯®«®±²¼¾ § ¿²», ¯°¨ ½²®¬ ¤«¿ ½«¥ª²°®  ¢¥°®¿²®±²¼ § ¿²¼ ±®-
±²®¿¨¥ ± ²®© ¨«¨ ¨®© ½¥°£¨¥© ¨§ ³ª § ®£® ¨²¥°¢ «  ° ¢ 
¥¤¨¨¶¥. �¤ ª® ° §«¨·¨²¼ ª ª¨¬-«¨¡® ®¡° §®¬ ²®² ¨«¨ ¨®©
½«¥ª²°® ¨§ ¢±¥© ¨µ ±®¢®ª³¯®±²¨ ¬» ¥ ¬®¦¥¬ | ¤¥©±²¢³¥² ¯°¨-
¶¨¯ ²®¦¤¥±²¢¥®±²¨ ¬¨ª°®· ±²¨¶. �²±¾¤  ±«¥¤³¥², ·²® ¤«¿ ±«³-
· ¿ T = 0 «¾¡®© ½«¥ª²°® ¬®¦¥² § ¿²¼ «¾¡®¥ ¨§ ³ª § »µ
½¥°£¥²¨·¥±ª¨µ ±®±²®¿¨©, ¨ ·¥ £®¢®°¿, ª ¦¤®¥ ¨§ ±®±²®¿¨©
2N -ª° ²® ¢»°®¦¤¥® (N | ·¨±«® ½«¥ª²°®®¢ ¢ ª°¨±² ««¥). �±®,

�¨±. 8.10. �³ª¶¨¿ ° ±¯°¥¤¥«¥¨¿ �¥°¬¨{�¨° ª  ¨ ¯«®²®±²¼ ½«¥ª²°®»µ ±®-
±²®¿¨© ¯°®¢®¤¿¹¥£® ²¢¥°¤®£® ²¥«  ¯°¨ T = 0. � ¸²°¨µ®¢ » § ¿²»¥ ±®±²®¿-
¨¿

·²® ª°¨²¥°¨¥¬ ±²¥¯¥¨ ¢»°®¦¤¥¨¿ ¢ ½¥°£¥²¨·¥±ª®© ¸ª «¥ ±«³-
¦¨² ½¥°£¨¿ �¥°¬¨. �®£¤  ¡®«¥¥ ³¤®¡® ¨±¯®«¼§®¢ ²¼ ² ª®© ¯ -
° ¬¥²°, ª ª ²¥¬¯¥° ²³°  �¥°¬¨, ª®²®° ¿, ± ¯®¬®¹¼¾ (8.107),
®¯°¥¤¥«¿¥²±¿ ² ª:

TF =
"F
kB

=
~2

2m0kB

�
3�2N

V

�2=3

=
~2

2m0kB
(3�2ne)

2=3: (8.110)

�²±¾¤  ±«¥¤³¥², ·²® ²¥¬¯¥° ²³°  �¥°¬¨, ¨«¨ ²¥¬¯¥° ²³°  ¢»-
°®¦¤¥¨¿ ½«¥ª²°®®£® £ § , § ¢¨±¨² ²®«¼ª® ®² ª®¶¥²° ¶¨¨ ½«¥ª-
²°®®¢ ¢ ²¢¥°¤®¬ ²¥«¥.

�  °¨±.8.10 ¯®ª §   § ¢¨±¨¬®±²¼ ´³ª¶¨¨ ° ±¯°¥¤¥«¥¨¿ �¥°-
¬¨{�¨° ª  ¨ ¯«®²®±²¼ ½«¥ª²°®»µ ±®±²®¿¨© ¤«¿ ¯°®¢®¤¿¹¥£®
²¢¥°¤®£® ²¥«  ¯°¨ T = 0.

� ±±¬®²°¨¬ ±«³· © ¨§ª¨µ ²¥¬¯¥° ²³°, ª®£¤  ¢»¯®«¿¥²±¿ ¥-
° ¢¥±²¢®

T � TF =
"F
kB
: (8.111)

�±«¨ ½¥°£¨¿ ½«¥ª²°®  ¬ « : " < "F, ® j" � "Fj � kBT , ²® ¨§
(8.103) ±«¥¤³¥² f(") ! 1. �±«¨ ½¥°£¨¿ ½«¥ª²°®  " < "F, ® ¯°¨
½²®¬ " � "F, ²® j"� "Fj � kBT , ¡« £®¤ °¿ ·¥¬³ ¨¬¥¥¬:

0 < exp

�
"� "F
kBT

�
� e�1 < 1;

1

2
< f(") < 1:
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� ±«³· ¥, ª®£¤  " > "F, ® ¯°¨ ½²®¬ " � "F, ² ª ·²® ¯®-¯°¥¦¥¬³
¢»¯®«¿¥²±¿ j"� "Fj � kBT , ¨¬¥¥¬:

0 < exp

�
" � "F
kBT

�
� e1 > 1; 0 < f(") <

1

2
:

� ª®¥¶, ¯°¨ ¡®«¼¸¨µ § ·¥¨¿µ ½¥°£¨¨ ½«¥ª²°®®¢ j" � "Fj �
� kBT ¨§ (8.104) ¯®«³·¨¬: f(") ! 0. �±¥ ª°¨¢»¥ ° ±¯°¥¤¥«¥¨¿
�¥°¬¨{�¨° ª , ¯®«³·¥»¥ ¯°¨ ª®¥·»µ ¥ ±«¨¸ª®¬ ¢»±®ª¨µ
²¥¬¯¥° ²³° µ, ¯¥°¥±¥ª ¾²±¿ ¢ ²®·ª¥ " = "F, ¯°¨ ½²®¬ f("F) = 1=2.

�¨±. 8.11. �³ª¶¨¿ ° ±¯°¥¤¥«¥¨¿ �¥°¬¨{�¨° ª  ¨ ¯«®²®±²¼ ½«¥ª²°®»µ ±®-
±²®¿¨© ¯°®¢®¤¿¹¥£® ²¢¥°¤®£® ²¥«  ¯°¨ ¨§ª¨µ ²¥¬¯¥° ²³° µ

�¥§³«¼² ²» ¤ ®£®   «¨§  ¯®ª § »   °¨±. 8.11, ¨§ ª®²®°®£®
±«¥¤³¥², ·²® ¯°¨ ª®¥·»µ ²¥¬¯¥° ²³° µ ¯®¿¢¨«¨±¼ ° §°¥¸¥»¥
½«¥ª²°®»¥ ±®±²®¿¨¿ ± ½¥°£¨¿¬¨, ¡®«¼¸¨¬¨ ½¥°£¨¨ �¥°¬¨
(®¨ ¬®£³² ¡»²¼ § ¿²» ± ¢¥°®¿²®±²¼¾, ®²«¨·®© ®² ³«¿, ¨ ²¥¬
¡®«¥¥ ¢»±®ª®©, ·¥¬ ¢»¸¥ ²¥¬¯¥° ²³° ).

�®±ª®«¼ª³ ¢ § ¬¥ ²¥«¥ ±®®²®¸¥¨¿ (8.110) ¤«¿ ²¥¬¯¥° -
²³°» �¥°¬¨ ´¨£³°¨°³¥² ¤®±² ²®·® ¬ « ¿ ¢¥«¨·¨  | ¬ ±±  ½«¥ª-
²°® , | ²® ¤«¿ ª®¶¥²° ¶¨© ½«¥ª²°®®¢, ²¨¯¨·»µ ¤«¿ ¬¥² «« 
(1028¬�3), ²¥¬¯¥° ²³°  ¢»°®¦¤¥¨¿ ¡³¤¥² ¨¬¥²¼ ¯®°¿¤®ª 104� (¢
² ¡«. 8.3 ¯°¨¢®¤¿²±¿ °¥§³«¼² ²», µ ° ª²¥°»¥ ¤«¿ ¬¥² ««®¢ ¨ ¯®-
«³¯°®¢®¤¨ª®¢).

�  ¡ «¨¶   8.3. �¥¬¯¥° ²³°  ¢»°®¦¤¥¨¿ ½«¥ª²°®®£® £ § 
¢ § ¢¨±¨¬®±²¨ ®² ª®¶¥²° ¶¨¨ ±¢®¡®¤»µ ½«¥ª²°®®¢ ¢ ²¢¥°¤®¬ ²¥«¥

�¥² ««» �¨«¼®-
«¥£¨°®¢ »©
¯®«³¯°®¢®¤¨ª

�« ¡®-
«¥£¨°®¢ »©
¯®«³¯°®¢®¤¨ª

�®®±´¥° 

n, c¬�3 10
22

10
18

10
14

10
10

TF, K 1; 96 � 104 42 0,1 1; 96 � 10�4

"F, ½� 1,7

�«¥¤®¢ ²¥«¼®, ¯°¨ ¢±¥µ ²¥¬¯¥° ²³° µ ±³¹¥±²¢®¢ ¨¿
ª®¤¥±¨°®¢ ®£® ±®±²®¿¨¿ ¬¥² ««  ½«¥ª²°®»© £ § ¢ ¥¬
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¯° ª²¨·¥±ª¨ ¯®«®±²¼¾ ¢»°®¦¤¥, ¨ ¥£® ½¥°£¨¿ ¥ § ¢¨±¨²
®² ²¥¬¯¥° ²³°». �¥¬ ± ¬»¬ ³±«®¢¨¥ À¬ «®±²¨Á ²¥¬¯¥° ²³°»
(8.111), ª®²®°®¥ ² ª¦¥ ¿¢«¿¥²±¿ ¨ ³±«®¢¨¥¬ ¢»°®¦¤¥¨¿ ½«¥ª²°®-
®£® £ § , ¡³¤¥² ¢»¯®«¿²¼±¿ ¢ ¬¥² ««¥ ¯°¨ ¢±¥µ ²¥¬¯¥° ²³° µ.

8.9. �¥¯«®¥¬ª®±²¼ £ §  ±¢®¡®¤»µ ½«¥ª²°®®¢

�« ±±¨·¥±ª ¿ ²¥®°¨¿ ¤ ¥² ¥¢¥°®¥ § ·¥¨¥ ¤«¿ ²¥¯«®¥¬ª®±²¨
¬¥² ««  (8.22), ²®£¤  ª ª ½ª±¯¥°¨¬¥² ¯®ª §»¢ ¥², ·²® ½«¥ª²°®-
»© ¢ª« ¤ ¢ ²¥¯«®¥¬ª®±²¼ ¯°¨ ª®¬ ²®© ²¥¬¯¥° ²³°¥ ±®±² ¢«¿¥²
¥ ¡®«¥¥ 1% ®² ¯°¥¤±ª § ®© ª« ±±¨·¥±ª®© ²¥®°¨¥© ¢¥«¨·¨».
�°¨·¨  ½²®£® ¯°®²¨¢®°¥·¨¿ ±¢¿§   ± ²¥¬, ·²® ¥ ª ¦¤»© ½«¥ª-
²°®, ª ª ½²® ±«¥¤®¢ «® ¡» ¨§ ª« ±±¨·¥±ª®© ¬®¤¥«¨, ¯°¨  £°¥-
¢ ¨¨ ª°¨±² ««  ¯®«³· ¥² ½¥°£¨¾ � (3=2)kBT . �  ± ¬®¬ ¤¥«¥
² ª³¾ ½¥°£¨¾ ¯®«³· ¾² ²®«¼ª® ½«¥ª²°®», ¨¬¥¾¹¨¥ ½¥°£¨¾ "
¢¡«¨§¨ "F.

� ±±·¨² ¥¬ ½«¥ª²°®»© ¢ª« ¤ ¢ ²¥¯«®¥¬ª®±²¼ ¬¥² ««  ¯°¨
¨§ª¨µ ²¥¬¯¥° ²³° µ. �®« ¿ ½¥°£¨¿ ¨ ¯®«®¥ ·¨±«® ½«¥ª²°®®¢
¢ £ §¥ ±¢®¡®¤»µ ½«¥ª²°®®¢ ¬®¦¥² ¡»²¼ ° ±±·¨² ® ² ª:

E =

1Z
�1

"f(")D(")d"; (8.112)

N =

1Z
�1

D(")d"; (8.113)

£¤¥ ¯«®²®±²¼ ½«¥ª²°®»µ ±®±²®¿¨© D(") ®¯°¥¤¥«¥  ¢ (8.101).
�²¥£° «» ¢ (8.112) ¨ (8.113) ¥ ¢»·¨±«¿¾²±¿ ¥¯®±°¥¤±²¢¥®,
®¤ ª® ¨µ ¬®¦®  ©²¨ ± µ®°®¸¥© ²®·®±²¼¾, ¥±«¨ ³·¥±²¼, ·²® ¢¥-
«¨·¨  kBT ¬ «  ¯® ±° ¢¥¨¾ ± ½¥°£¨¥© �¥°¬¨. �¥©±²¢¨²¥«¼®,
° ±±¬®²°¨¬ ¨²¥£° « ®¡¹¥£® ¢¨¤ 

I =

1Z
�1

f(")g(")d"; (8.114)

£¤¥ ¥ª®²®° ¿ ´³ª¶¨¿ g(" = �1) = 0 ¨ ¬®¦¥² ±²°¥¬¨²¼±¿ ª
¡¥±ª®¥·®±²¨ ª ª ±²¥¯¥ ¿ ´³ª¶¨¿ ¯°¨ " ! 1. �²¥£°¨°³¿
(8.114) ¯® · ±²¿¬, ¨¬¥¥¬:

I =
�
f(")G(")

���1
�1

�
1Z

�1

@f(")

@"
G(")d"; (8.115)
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£¤¥

G(") =

"Z
�1

g("0)d"0: (8.116)

�¥°¢»© ·«¥ ¢ (8.115) ®¡° ¹ ¥²±¿ ¢ ³«¼, ² ª ª ª ¨§ (8.116) ±«¥-
¤³¥², ·²® G(�1) = 0,   f(1)! 0. �²®¡» ¢»·¨±«¨²¼ ¢²®°®© ·«¥
¢ (8.115), ° §«®¦¨¬ ´³ª¶¨¾ G(") ¢ ®ª°¥±²®±²¨ § ·¥¨¿ � = "F
¯°¨ T = 0� (� | µ¨¬¨·¥±ª¨© ¯®²¥¶¨ «, ¨«¨ ³°®¢¥¼ �¥°¬¨):

G(") = G(�) +

�
@G

@"

�
"=�

("� �) + 1

2

�
@2G

@"2

�
"=�

("� �)2 + : : :

(8.117)

�®¤±² ¢«¿¿ (8.117) ¢ (8.115), ¯®«³·¨¬:

I = G(�)

1Z
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�
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@"
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d"+ : : :

(8.118)

�®±ª®«¼ª³ ¢»¯®«¿¥²±¿
1Z

�1

�
�@f
@"

�
d" = 1; (8.119)

²® ¯¥°¢»© ·«¥ ¢ (8.118) ° ¢¥

G(�) =

�Z
�1

g(")d": (8.120)

�²¥£° «» ¢ ° ¢¥±²¢¥ (8.118) ¢ ®¡¹¥¬ ¢¨¤¥ ¬®£³² ¡»²¼ § ¯¨± »
² ª:

In =
1

n!

1Z
�1

("� �)n
�
�@f
@"

�
d" =

=
(kBT )n

n!

1Z
�1

�
" � �
kBT
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�
("� �)=kBT
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�
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"� �)=kBT

�
+ 1
�2d

�
" � �
kBT

�
=

=
(kBT )n

n!

1Z
�1

xndx

ex + e�x + 2
; (8.121)
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£¤¥ x = (" � �)=kBT . �®±ª®«¼ª³ ¯®¤»²¥£° «¼ ¿ ´³ª¶¨¿ |
¥·¥² ¿ ¤«¿ ¥·¥²»µ n, ²® ¨§ ¢±¥µ ¨²¥£° «®¢ (8.121) ¥ ° ¢»
³«¾ ²®«¼ª® ¨²¥£° «» ± ·¥²»¬ ¯®ª § ²¥«¥¬ ±²¥¯¥¨ n. �«¿
¢»·¨±«¥¨¿ ½¥°£¨¨ ¨ ²¥¯«®¥¬ª®±²¨ £ §  ±¢®¡®¤»µ ½«¥ª²°®®¢
¤®±² ²®·®, ¯®¬¨¬® ¯¥°¢®£® ·«¥  (8.120), ®±² ¢¨²¼ ¢ °¿¤³ (8.118)
²®«¼ª® ·«¥ ± n = 2. � ª®© ¨²¥£° « ¨¬¥¥² ² ¡«¨·®¥ § ·¥¨¥

1Z
�1

x2dx

ex + e�x + 2
=
�2

3
: (8.122)

�±¯®«¼§³¿ °¥§³«¼² ² (8.122) ¨ ±®®²®¸¥¨¿ (8.121) ¨ (8.118), ¨±-
µ®¤®¥ ¢»° ¦¥¨¥ (8.114) ¬®¦® ¯°¥¤±² ¢¨²¼ ² ª:

1Z
�1

g(")f(")d" �
�Z

�1

g(")d"+
�2

6
(kBT )

2

�
@g(")

@"

�
"=�

: (8.123)

� ¯®¬®¹¼¾ ½²®© ´®°¬³«» ¬®¦® ¯®«³·¨²¼ § ·¥¨¿ ¨²¥£° «®¢
(8.112) ¨ (8.113). � ©¤¥¬ ± · «  § ¢¨±¨¬®±²¼ µ¨¬¨·¥±ª®£® ¯®-
²¥¶¨ «  (³°®¢¿ �¥°¬¨) ®² ²¥¬¯¥° ²³°». �«¿ ½²®£® ± ¯®¬®¹¼¾
(8.123) ¯°¥¤±² ¢¨¬ ¨²¥£° « (8.113) ¢ ¢¨¤¥

N =

�Z
�1

D(")d"+
�2

6
(kBT )

2

�
@D(")

@"

�
"=�

: (8.124)

� ¯¨± ¢ (8.124) ¯°¨ 0�, ¨¬¥¥¬ ´ ª²¨·¥±ª¨ ±®¢¯ ¤ ¾¹¥¥ ± (8.105)
¢»° ¦¥¨¥

N =

"FZ
�1

D(")d": (8.125)

�»·¨² ¿ (8.125) ¨§ (8.124) ¨ ¯°¨¬¥¿¿ ´®°¬³«³ � £° ¦  ¤«¿
±°¥¤¥£® § ·¥¨¿, ¨¬¥¥¬:

(�� "F)D("F) +
�2

6
(kBT )

2

�
@D(")

@"

�
"="F

= 0: (8.126)

�°¨ § ¯¨±¨ (8.126) ¬» ¯°¨¿«¨ ¢® ¢¨¬ ¨¥, ·²® ¯°¨ ¨§ª¨µ
²¥¬¯¥° ²³° µ ½¥°£¨¿ �¥°¬¨ ¨ ³°®¢¥¼ �¥°¬¨ ®²«¨· ¾²±¿ ¬ «®:
"F � � ( ¤®, ª®¥·®, ª®°°¥ª²® ¯°¨¬¥¿²¼ ½²® ¯°¨¡«¨¦¥®¥
° ¢¥±²¢®!). � ·¥¨¥ "F ®² ²¥¬¯¥° ²³°» ¥ § ¢¨±¨². �²±¾¤  ¤«¿
²¥¬¯¥° ²³°®© § ¢¨±¨¬®±²¨ ³°®¢¿ �¥°¬¨ ¢ ¬¥² «« µ ¯®«³· ¥¬:

� � "F � �2

6
(kBT )

2D
0("F)

D("F)
: (8.127)
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�±¯®«¼§³¿ § ·¥¨¥ ¯«®²®±²¨ ½«¥ª²°®»µ ±®±²®¿¨© ±¢®¡®¤»µ
½«¥ª²°®®¢ (8.101), ¢§¿²®¥ ¯°¨ " = "F, ¨§ (8.127) ¯®«³·¨¬ ®ª®· -
²¥«¼®¥ ±®®²®¸¥¨¥:

� � "F

 
1� �2

6

�
kBT

"F

�2!
: (8.128)

�² ª, ³°®¢¥¼ �¥°¬¨ ¢±¥£¤  ¬¥¼¸¥ ½¥°£¨¨ �¥°¬¨, ® ¯°¨ ¨§-
ª¨µ ²¥¬¯¥° ²³° µ ¯®¯° ¢ª  ¨¬¥¥² § ·¥¨¥ ¥ ¡®«¥¥ 10�4.

�±¯®«¼§³¿ (8.112) ¨ ¯°¥¤±² ¢«¥¨¥ (8.123), § ¯¨¸¥¬ ¢»° ¦¥-
¨¥ ¤«¿ ½¥°£¨¨ £ §  ±¢®¡®¤»µ ½«¥ª²°®®¢ ¯°¨ ¨§ª¨µ ²¥¬¯¥° -
²³° µ:

E =

1Z
�1

f(")D(")d" =

�Z
�1

D(")d"+
�2

6
(kBT )

2

�
@

@"

�
"D(")

��
"=�

:

(8.129)

�°®¤¨´´¥°¥¶¨°³¥¬ (8.129) ¯® ²¥¬¯¥° ²³°¥, ¯°¨¨¬ ¿ ¢® ¢¨¬ -
¨¥, ·²® ³°®¢¥¼ �¥°¬¨ ² ª¦¥ § ¢¨±¨² ®² ²¥¬¯¥° ²³°»:

C½« =
dE

dT
= D(�)

d�

dT
+
�2
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: (8.130)

�§¿¢ ¯°®¨§¢®¤³¾ ®² ³°®¢¿ �¥°¬¨ (8.127) ¯® ²¥¬¯¥° ²³°¥ ¨ ¯®¤-
±² ¢«¿¿ ¥¥ § ·¥¨¥ ¢ (8.130), «¥£ª® ³¡¥¤¨²¼±¿, ·²® ¢ (8.130) ±³¬¬ 
¢ ±ª®¡ª µ ®¡° ¹ ¥²±¿ ¢ ³«¼, ¡« £®¤ °¿ ·¥¬³ ¤«¿ ²¥¯«®¥¬ª®±²¨
±¢®¡®¤®£® ½«¥ª²°®®£® £ §  ¨¬¥¥¬:

C½« � �2

3
k2
B
D("F)T: (8.131)

�®¤±² ¢«¿¿ (8.107) ¢ (8.101), ¯®«³·¨¬:

D("F) =
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�±¯®«¼§³¿ ®¯°¥¤¥«¥¨¥ ²¥¬¯¥° ²³°» �¥°¬¨ (8.110), ¨¬¥¥¬:

D("F) =
3N

2kBTF
: (8.133)

�®¤±² ¢«¿¿ (8.133) ¢ (8.131), ±®®²®¸¥¨¥ ¤«¿ ½«¥ª²°®®© ¬®«¿°-
®© ²¥¯«®¥¬ª®±²¨ ¬®¦® ¯°¥¤±² ¢¨²¼ ² ª:

C½« =
1

2

�2Nk2
B

"F
T =

1

2
�2NkB

T

TF
: (8.134)

�«¥¤®¢ ²¥«¼®, ¢ª« ¤ ¢ ²¥¯«®¥¬ª®±²¼, ±¢¿§ »© ± ½«¥ª²°® ¬¨,
¯°¨ ¨§ª¨µ ²¥¬¯¥° ²³° µ ¯°®¯®°¶¨® «¥  ¡±®«¾²®© ²¥¬¯¥° -
²³°¥.

�°¨ ²¥¬¯¥° ²³° µ ¨¦¥ ²¥¬¯¥° ²³°» �¥¡ ¿ ²¥¯«®¥¬ª®±²¼ ¬¥-
² ««®¢ ¯°¨ ¯®±²®¿®¬ ®¡º¥¬¥ ¬®¦¥² ¡»²¼ § ¯¨±   ¢ ¢¨¤¥ ±³¬¬»
¤¢³µ ·«¥®¢, ¯¥°¢»© ¨§ ª®²®°»µ ®¯¨±»¢ ¥² ¢ª« ¤ ±¢®¡®¤»µ ½«¥ª-
²°®®¢,   ¢²®°®© | ª®«¥¡ ¨© °¥¸¥²ª¨:

C = C½« + C°¥¸ = T +AT 3; (8.135)

£¤¥  ¨ A | ª®±² ²», µ ° ª²¥°»¥ ¤«¿ ¤ ®£® ¬ ²¥°¨ « .
�«¥ª²°® ¿ · ±²¼ ²¥¯«®¥¬ª®±²¨ «¨¥©® § ¢¨±¨² ®² ²¥¬¯¥° ²³°»
¨ ¯®½²®¬³ ¡³¤¥² ° §«¨·¨¬®© «¨¸¼ ¯°¨ ®·¥¼ ¨§ª¨µ ²¥¬¯¥° ²³-
° µ. �¥©±²¢¨²¥«¼®, ¯°¨¨¬ ¿ ¢® ¢¨¬ ¨¥ ´®°¬³«³ (5.48), ¤«¿
®²®¸¥¨¿ °¥¸¥²®·®© ¨ ½«¥ª²°®®© ²¥¯«®¥¬ª®±²¥© ¯°¨ ¨§ª¨µ
²¥¬¯¥° ²³° µ ¨¬¥¥¬:

C°¥¸

C½«

=
234NkB(T=�)

3

(1=2)�2NkB(T=TF)
� 52

�
TF
�3

�
T 2: (8.136)

�°¨¨¬ ¿ ¤«¿ ®¶¥ª¨ ¨§ ² ¡«. 8.3, ·²® TF � 2 � 104K,   ²¥¬-
¯¥° ²³°  �¥¡ ¿ � � 100�, ¨¬¥¥¬ C°¥¸=C½« � T 2. �«¥¤®¢ ²¥«¼®,
¢ª« ¤ ½«¥ª²°®®© ²¥¯«®¥¬ª®±²¨ ¬®¦¥² ¯°¥¢»¸ ²¼ °¥¸¥²®·»©
«¨¸¼ ¯°¨ ²¥¬¯¥° ²³° µ ¨¦¥ 1�. �°¨ ¡®«¥¥ ¢»±®ª¨µ ²¥¬¯¥° ²³-
° µ £« ¢»¬ ±² ®¢¨²±¿ À°¥¸¥²®·»©Á ¢ª« ¤,   ´®¥ ª®²®°®£®
¬ «®¥ § ·¥¨¥ ½«¥ª²°®®© ²¥¯«®¥¬ª®±²¨ ±² ®¢¨²±¿ ¥° §«¨·¨-
¬»¬. �¥¬ ± ¬»¬ ¯°¥®¤®«¥¢ ¥²±¿ ¯°®²¨¢®°¥·¨¥, ¯°¨±³¹¥¥ ª« ±±¨-
·¥±ª®© ²¥®°¨¨ ½«¥ª²°®»µ ±¢®©±²¢ ¬¥² ««®¢ (¯. 8.3.2).

8.10. �«¥ª²°®¯°®¢®¤®±²¼ ¨ § ª® �¬ 
¢ ª¢ ²®¢®¬ ¯°¥¤±² ¢«¥¨¨

�¬¯³«¼± ±¢®¡®¤®£® ½«¥ª²°®  ±¢¿§  ± ¢®«®¢»¬ ¢¥ª²®°®¬ ±®-
®²®¸¥¨¥¬

m0v = ~k: (8.137)
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�  ®²°¨¶ ²¥«¼® § °¿¦¥³¾ · ±²¨¶³ ±® ±²®°®» ½«¥ª²°¨·¥±ª®£®
¯®«¿ ¤¥©±²¢³¥² ±¨« 

F = �eE: (8.138)

�®£¤  ¢²®°®© § ª® �¼¾²®  ¤«¿ ½«¥ª²°®®¢ ¬®¦¥² ¡»²¼ § ¯¨± 
¢ ¢¨¤¥

m0

dv

dt
= ~

dk

dt
= �eE: (8.139)

�° ¢¥¨¥ (8.139) ¬®¦® ¯°®¨²¥£°¨°®¢ ²¼ ² ª:

k(t)� k(0) = �eE
~
t: (8.140)

�±«¨ ¢ª«¾·¨²¼ ½«¥ª²°¨·¥±ª®¥ ¯®«¥ ¢ ¬®¬¥² ¢°¥¬¥¨ t = 0, ²®
½«¥ª²°®», § ¯®«¿¢¸¨¥ ±´¥°³ �¥°¬¨ ¢ ¬®¬¥² ¢ª«¾·¥¨¿ ¯®«¿
² ª, ·²® ¥¥ ¶¥²°  µ®¤¨«±¿ ¢  · «¥ ª®®°¤¨ ² k-¯°®±²° ±²¢ ,
±¯³±²¿ ¢°¥¬¿ �t ¯°¨®¡°¥²³² ¯°¨° ¹¥¨¥ ¨¬¯³«¼± . �®¦® ±ª -
§ ²¼, ·²® ¯®¤ ¤¥©±²¢¨¥¬ ½«¥ª²°¨·¥±ª®£® ¯®«¿ ª ¦¤»© ½«¥ª²°®,
 µ®¤¨¢¸¨©±¿ ¢ ¨±µ®¤®¬ ±®±²®¿¨¨ ± ¢®«®¢»¬ ¢¥ª²®°®¬ k, ¨§-
¬¥¨² ±¢®¥ ±®±²®¿¨¥ ² ª, ·²® ¥£® ¢®«®¢®© ¢¥ª²®° ¨§¬¥¨²±¿  
¢¥«¨·¨³

�k = �eE
~
�t: (8.141)

�«¥¤®¢ ²¥«¼®, ½«¥ª²°®» ¡³¤³² ¯®-¯°¥¦¥¬³ § ¯®«¿²¼ ±´¥°³
½¥°£¥²¨·¥±ª®£® ¯°®±²° ±²¢ , ®¤ ª® ¯®«®¦¥¨¥ ¥¥ ¶¥²°  ®ª §»-
¢ ¥²±¿ ±¬¥¹¥»¬   ¢¥«¨·¨³ (8.141) (°¨±. 8.12). �¥¯¥°¼ ¯®«»©
¨¬¯³«¼± ±¨±²¥¬» ¨§ N ½«¥ª²°®®¢ ¡³¤¥² ° ¢¥

P = ~N�k: (8.142)

�ª«¾·¥¨¥ ¯®±²®¿®£® ½«¥ª²°¨·¥±ª®£® ¯®«¿ ³¢¥«¨·¨² ½¥°£¨¾
½²®© ±¨±²¥¬»   ¢¥«¨·¨³

�E = N
(~�k)2

2m0

: (8.143)

� § «®±¼ ¡», ¯°¨ ¤¥©±²¢¨¨ ½«¥ª²°¨·¥±ª®£® ¯®«¿ ¢ ²¥·¥¨¥ ¥®£° -
¨·¥® ¡®«¼¸®£® ¯°®¬¥¦³²ª  ¢°¥¬¥¨ ¯®«®¦¥¨¥ ±´¥°» �¥°¬¨
¤®«¦® ¯®±²®¿® ¨§¬¥¿²¼±¿ ¯°®¯®°¶¨® «¼® ¢°¥¬¥¨. �¤ ª®
±´¥°  �¥°¬¨ ±² ¶¨® °® ±®µ° ¿¥² ±¢®¥ ±¬¥¹¥®¥ ¯®«®¦¥¨¥
¢±«¥¤±²¢¨¥ ±²®«ª®¢¥¨¿ ½«¥ª²°®®¢ ± ¯°¨¬¥±¿¬¨, ¤¥´¥ª² ¬¨ °¥-
¸¥²ª¨ ¨«¨ ´®® ¬¨. �¥©±²¢¨²¥«¼®, ¥±«¨ ¡» ¶¥²°®¢ ° ±±¥¿¨¿
¤«¿ ½«¥ª²°®®¢ ¥ ±³¹¥±²¢®¢ «®, ¯®±«¥¤¨¥ ¯®¤ ¤¥©±²¢¨¥¬ ¯®±²®-
¿®© ±¨«» ¤®«¦» ¡»«¨ ¡» ¤¢¨£ ²¼±¿ ° ¢®³±ª®°¥®. �¤ ª®
¤¥´¥ª²» ±²°®¥¨¿ ¨ ª®«¥¡ ¨¿ °¥¸¥²ª¨ ®ª §»¢ ¾² ²®°¬®§¿¹¥¥
¤¥©±²¢¨¥   ±¨±²¥¬³ ½«¥ª²°®®¢, ¡« £®¤ °¿ ·¥¬³ ¬®¦® £®¢®°¨²¼,
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·²® ½«¥ª²°®» ¤¢¨¦³²±¿ ± ¥ª®²®°®© ¯®±²®¿®© ±°¥¤¥© (¤°¥©-
´®¢®©) ±ª®°®±²¼¾, ®¡³±«®¢«¥®©  «¨·¨¥¬ ¯®±²®¿®£® ½«¥ª²°¨-
·¥±ª®£® ¯®«¿.

�±«¨ ±°¥¤¥¥ ¢°¥¬¿ ¬¥¦¤³ ±²®«ª®¢¥¨¿¬¨ ° ¢® �t = � , ²®
±² ¶¨® °®¥ ¢ ¤ ®¬ ¯®«¥ ±¬¥¹¥¨¥ ±´¥°» �¥°¬¨ ®¯°¥¤¥«¿¥²±¿
±®®²®¸¥¨¥¬ (8.141), ®²ª³¤  ¤«¿ ¯°¨° ¹¥¨¿ ±ª®°®±²¨ ¯®«³·¨¬:

�v =
~

m0

�k = � e�

m0

E: (8.144)

�¡° ¹ ¿ ¢¨¬ ¨¥   °¨±. 8.12, ¬®¦® ±¤¥« ²¼ ¢»¢®¤, ·²® ¢ ®±®¢-
®¬ ®¢®¥ ¯®«®¦¥¨¥ § ¨¬ ¾² ½«¥ª²°®»,  µ®¤¨¢¸¨¥±¿ ¢¡«¨§¨

�¨±. 8.12. �®«®¦¥¨¥ ±´¥°» �¥°¬¨:   | ¯°¨ ®²±³²±²¢¨¨ ¯®«¿; ¡ | ¢ ¯°¨«®¦¥-
®¬ ½«¥ª²°¨·¥±ª®¬ ¯®«¥

¯®¢¥°µ®±²¨ �¥°¬¨ ¨ ®¡« ¤ ¢¸¨¥  ¨¡®«¼¸¥© ½¥°£¨¥© (½¥°£¨¥©
�¥°¬¨). �¬¥® ½²¨ ½«¥ª²°®» ³· ±²¢³¾² ¢ ±®§¤ ¨¨ ²®ª . �±«¨
ª®¶¥²° ¶¨¿ ½«¥ª²°®®¢ ¯°®¢®¤¨¬®±²¨ ° ¢  n¥, ¨ ª ¦¤»© ½«¥ª-
²°® ¨¬¥¥² § °¿¤ q = �e, ²® ¯«®²®±²¼ ½«¥ª²°¨·¥±ª®£® ²®ª  ®¯°¥-
¤¥«¿¥²±¿ ´®°¬³«®© ²¨¯  (8.12):

j = �ene�v =
nee

2�

m0

E = �E: (8.145)

�²® ¢»° ¦¥¨¥ ¨¬¥¥² ¢¨¤ § ª®  �¬ , £¤¥ ª®½´´¨¶¨¥²®¬ ¯°®-
¯®°¶¨® «¼®±²¨ ¬¥¦¤³ ²®ª®¬ ¨  ¯°¿¦¥¨¥¬ ¿¢«¿¥²±¿ ³¤¥«¼ ¿
½«¥ª²°®¯°®¢®¤®±²¼

� =
nee

2�

m0

=
nee

2�("F)

m0vF
: (8.146)

�¤¥«¼®¥ ½«¥ª²°¨·¥±ª®¥ ±®¯°®²¨¢«¥¨¥ ¥±²¼ ¢¥«¨·¨ , ®¡° ² ¿
³¤¥«¼®© ½«¥ª²°®¯°®¢®¤®±²¨:

� =
1

�
=

m0

nee2�
: (8.147)
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�®±ª®«¼ª³ ¢ § ¬¥ ²¥«¥ (8.146) ±²®¨² ±ª®°®±²¼ ´¥°¬¨-½«¥ª²-
°®®¢, ¥ § ¢¨±¿¹ ¿ ®² ²¥¬¯¥° ²³°»:

vF =
~kF
m0

=

r
2"F
m0

� 106¬/±; (8.148)

¥¤¨±²¢¥®© ¢¥«¨·¨®© ¢ (8.146), § ¢¨±¿¹¥© ®² ²¥¬¯¥° ²³°»,
¿¢«¿¥²±¿ ¤«¨  ±¢®¡®¤®£® ¯°®¡¥£  ´¥°¬¨-½«¥ª²°®®¢. �§ ½ª±-
¯¥°¨¬¥² «¼»µ § ·¥¨© ½«¥ª²°®¯°®¢®¤®±²¨ ±«¥¤³¥², ·²® ¤«¿
µ®°®¸¨µ ¯°®¢®¤¨ª®¢ ½²  ¢¥«¨·¨  ¤®«¦  ±®±² ¢«¿²¼ ¯°¨ ª®¬-
 ²»µ ²¥¬¯¥° ²³° µ ¥±ª®«¼ª® ±®²  £±²°¥¬ ¨ ±² ®¢¨²±¿ ¥¹¥
¡®«¼¸¥ ¯°¨ ¯®¨¦¥¨¨ ²¥¬¯¥° ²³°», ·²® £®° §¤® ¡®«¼¸¥ ¬¥¦-
 ²®¬»µ ° ±±²®¿¨©. �²±¾¤  ¢®§¨ª ¾² ¤¢  ¢®¯°®± :

1. �®·¥¬³ ¥ ¯°®¨±µ®¤¿² ®¦¨¤ ¥¬»¥ ³¯°³£¨¥ ±®³¤ °¥¨¿ ½«¥ª-
²°®®¢ ±  ²®¬»¬¨ ®±² ²ª ¬¨?

2. � ª¨¥ ¯°®¶¥±±» ° ±±¥¿¨¿   ± ¬®¬ ¤¥«¥ ®¯°¥¤¥«¿¾² ±°¥¤-
¾¾ ¤«¨³ ±¢®¡®¤®£® ¯°®¡¥£  ½«¥ª²°®®¢ ¯°®¢®¤¨¬®±²¨ ¢ ¬¥² «-
« µ?

�¥®¡µ®¤¨¬®±²¼ ®²ª §  ®² ¯°¥¤±² ¢«¥¨¿ ® ° ±±¥¿¨¨ ½«¥ª²°®-
®¢   ¨®»µ ®±²®¢ µ ®ª §»¢ ¥²±¿ ±®¢¥°¸¥® ¯®¿²®©, ¥±«¨
¬» ° ±±¬ ²°¨¢ ¥¬ ½«¥ª²°® ¢ ¨¤¥ «¼®¬ ª°¨±² ««¥ ª ª ¢®«³ ¢ ¯¥-
°¨®¤¨·¥±ª®© ±²°³ª²³°¥, ®²®±¨²¥«¼® ª®²®°®© ¢®«» ¤®«¦» ° ±-
¯°®±²° ¿²¼±¿ ¡¥±¯°¥¯¿²±²¢¥®.

�®£¤  ° ±±¥¿¨¥ ½«¥ª²°® -¢®«» ¬®¦¥² ¯°®¨±µ®¤¨²¼ ²®«¼ª®
¯°¨  °³¸¥¨¨ ¨¤¥ «¼®±²¨ ° ±¯®«®¦¥¨¿  ²®¬®¢ ¢ ª°¨±² ««¥ |
  ´®® µ ¨ ®±² ²®·»µ ¤¥´¥ª² µ ±²°³ª²³°». �®¤ ®±² ²®·»¬¨
¤¥´¥ª² ¬¨ ¯®¨¬ ¾² ¯®±²®°®¨¥  ²®¬» ¢ °¥¸¥²ª¥, ¢ ª ±¨¨,
¬¥¦¤®³§¥«¼»¥  ²®¬», ¤¨±«®ª ¶¨¨, £° ¨¶» §¥°¥ ¨ ¢¥¸¨¥ ¯®-
¢¥°µ®±²¨ ª°¨±² «« . �·¥¢¨¤®, ·²® ±°¥¤¿¿ ¤«¨  ±¢®¡®¤®£®
¯°®¡¥£  �¤¥´, ®¡³±«®¢«¥ ¿ ²®«¼ª® ° ±±¥¿¨¥¬   ¤¥´¥ª² µ, ¥
¤®«¦  § ¢¨±¥²¼ ®² ²¥¬¯¥° ²³°», ¢ ²® ¢°¥¬¿ ª ª ¤«¿ ´®®®£®
° ±±¥¿¨¿ ±°¥¤¿¿ ¤«¨  ±¢®¡®¤®£® ¯°®¡¥£  �´® ¡³¤¥² ³¬¥¼-
¸ ²¼±¿ ± ³¢¥«¨·¥¨¥¬ ²¥¬¯¥° ²³°». �°¨ ®¤®¢°¥¬¥®¬ ¤¥©±²¢¨¨
½²¨µ ¤¢³µ ¬¥µ ¨§¬®¢ ±°¥¤¿¿ ¤«¨  ±¢®¡®¤®£® ¯°®¡¥£  ¤®«¦ 
¨¬¥²¼ ¢¨¤

1

�(T )
=

1

�¤¥´
+

1

�´®(T )
: (8.149)

� «®£¨·®¥ ±®®²®¸¥¨¥ ¢»¯®«¿¥²±¿ ¤«¿ ³¤¥«¼®£® ½«¥ª²°¨-
·¥±ª®£® ±®¯°®²¨¢«¥¨¿ (¯°®¢®¤¨¬®±²¨)¬¥² ««®¢ (¯° ¢¨«® � ²¨±-
±¥ ):

� =
1

�(T )
=

1

�¤¥´
+

1

�·¨±²(T )
� 1

�¤¥´
+

1

�´®(T )
: (8.150)

�®¦® ®¦¨¤ ²¼, ·²® ±°¥¤¿¿ ¤«¨  ±¢®¡®¤®£® ¯°®¡¥£ , ®¯°¥-
¤¥«¿¥¬ ¿ ° ±±¥¿¨¥¬   ´®® µ, ¤«¿ ²¥¬¯¥° ²³°, ¯°¥¢»¸ ¾¹¨µ
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²¥¬¯¥° ²³°³ �¥¡ ¿, ¤®«¦  ¨§¬¥¿²¼±¿ ®¡° ²® ¯°®¯®°¶¨® «¼®
²¥¬¯¥° ²³°¥, ¯®±ª®«¼ª³ ¨§ (5.14) ±«¥¤³¥², ·²® ¯°¨ ¢»±®ª¨µ ²¥¬¯¥-
° ²³° µ ·¨±«® ´®®®¢ ¯°®¯®°¶¨® «¼® ²¥¬¯¥° ²³°¥:

n´® =
1

exp
�
~!=(kBT )

�� 1
� 1

1 + ~!=(kBT )� 1
=
kB
~!
T: (8.151)

�·¨²»¢ ¿ °¥§³«¼² ² (8.151) ¨ ¯°¨¨¬ ¿ ¢® ¢¨¬ ¨¥ ±®®²®-
¸¥¨¥ (8.150), «¥£ª® ¯®¿²¼ °¥ «¼®  ¡«¾¤ ¥¬³¾   ®¯»²¥ «¨-
¥©³¾ § ¢¨±¨¬®±²¼ ½«¥ª²°¨·¥±ª®£® ±®¯°®²¨¢«¥¨¿ ¬¥² ««®¢ ®²
²¥¬¯¥° ²³°» ¯°¨ ¢»±®ª¨µ ²¥¬¯¥° ²³° µ.

8.11. �¥¯«®¯°®¢®¤®±²¼ ¬¥² ««®¢
¨ § ª® �¨¤¥¬  {�° ¶ 

¢ ª¢ ²®¢®-¬¥µ ¨·¥±ª®¬ ¯°¥¤±² ¢«¥¨¨

� ¥¥ (¯. 8.3.3) ° ±±¬ ²°¨¢ «®±¼ ª« ±±¨·¥±ª®¥ ¯°¥¤±² ¢«¥¨¥ ®
²¥¯«®¯°®¢®¤®±²¨ ¬¥² ««®¢. �»¿±¨¬ ®²«¨·¨¿, ±¢¿§ »¥ ± ¯°¥¤-
±² ¢«¥¨¥¬ ®¡ ½«¥ª²°® µ ¢ ¬¥² ««¥ ª ª ® ´¥°¬¨-£ §¥. �«¿ ½²®£®
¢®±¯®«¼§³¥¬±¿ ¢»° ¦¥¨¥¬ ¤«¿ ª®½´´¨¶¨¥²  ½«¥ª²°®®© ²¥¯«®-
¯°®¢®¤®±²¨ (8.23), £¤¥, ®¤ ª®, ¢¬¥±²® ±°¥¤¥© ²¥¯«®¢®© ±ª®°®±²¨
¬» ¯®¤±² ¢¨¬ ±ª®°®±²¼ ´¥°¬¨-½«¥ª²°®®¢:

{½« =
1

3
C½«vF�: (8.152)

�¥«¨·¨  ²¥¯«®¥¬ª®±²¨ ½«¥ª²°®®£® £ §  ¡»«  ¯®«³·¥  ° ¥¥
(8.134). �®¤±² ¢«¿¿ ½²® ¢»° ¦¥¨¥ ¨ ±®®²®¸¥¨¥ (8.93) ¢ (8.152),
¯®«³·¨¬:

{½« =
�2

3

nek
2
B
T

m0v2F
� vF � � =

�
�2

3
� nek

2
B
�

m0

�
T: (8.153)

�§¿¢ ®²®¸¥¨¥ ª®½´´¨¶¨¥²  ½«¥ª²°®®© ²¥¯«®¯°®¢®¤®±²¨
(8.153) ª ³¤¥«¼®© ½«¥ª²°®¯°®¢®¤®±²¨ (8.146), ¯®«³·¨¬:

{½«

�
=

(1=3)C½«v
2
F
�

(nee2�=m0

=
(�2=3) � (nek2B�T=m0)

nee2�=m0

=

=
�2

3

�
kB
e

�2

T = Lª¢T; (8.154)

£¤¥ Lª¢ | ·¨±«® �®°¥¶  ¢ ª¢ ²®¢®¬ ¯°¨¡«¨¦¥¨¨:

Lª¢ =
{½«

�T
=
�2

3

�
kB
e

�2
= 2;45 � 10�8 �² ��¬/�: (8.155)

�®®²®¸¥¨¥ (8.154) | § ª® �¨¤¥¬  {�° ¶ , ª®²®°»© µ®-
°®¸® ¢»¯®«¿¥²±¿ ¤«¿ ¬®£¨µ ·¨±²»µ ¬¥² ««®¢ (±¬. ² ¡«. 8.1).
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8.12. �§ ¨¬®¤¥©±²¢¨¥
½«¥ª²°®¬ £¨²»µ ¢®« ± ¬¥² «« ¬¨

� ±±¬®²°¨¬ ¢§ ¨¬®¤¥©±²¢¨¥ ¯«®±ª®© ½«¥ª²°®¬ £¨²®© ¢®«»
· ±²®²» ! ± £ §®¬ ±¢®¡®¤»µ ½«¥ª²°®®¢ ¬¥² «« . � ®²±³²±²¢¨¥
±²®«ª®¢¥¨© ³° ¢¥¨¥ ¤¢¨¦¥¨¿ ±¢®¡®¤®£® ½«¥ª²°®  ¢ ½«¥ª-
²°¨·¥±ª®¬ ¯®«¥ ¨¬¥¥² ¢¨¤

m0

d2x

dt2
= �eE: (8.156)

�±«¨ x ¨ E § ¢¨±¿² ®² ¢°¥¬¥¨ ¯® ¯¥°¨®¤¨·¥±ª®¬³ § ª®³

x = x0 exp (�i!t); E = E0 exp (�i!t); (8.157)

²® ¯®¤±² ®¢ª  (8.157) ¢ (8.156) ¤ ¥²

�!2m0x = �eE; x =
eE

m0!2
: (8.158)

�¤³¶¨°®¢ »© ¯®«¥¬ ¤¨¯®«¼»© ¬®¬¥², ±¢¿§ »© ± ½«¥ª²°®-
®¬, ¬®¦¥² ¡»²¼ ¢»·¨±«¥ ² ª:

p = �ex = � e2E

m0!2
; (8.159)

  ¢¥ª²®° ¯®«¿°¨§ ¶¨¨ ¡³¤¥² ¨¬¥²¼ § ·¥¨¥

P = �enex = �nee
2E

m0!2
; (8.160)

£¤¥ n¥ | ª®¶¥²° ¶¨¿ ½«¥ª²°®®¢. � ¯¨¸¥¬ ®¡¹¥¥ ®¯°¥¤¥«¥¨¥
¤¨½«¥ª²°¨·¥±ª®© ¯°®¨¶ ¥¬®±²¨, § ¢¨±¿¹¥© ®² · ±²®²»:

"(!) =
D(!)

"0E(!)
= 1 +

P (!)

"0E(!)
: (8.161)

�±¯®«¼§³¿ (8.160), § ¯¨¸¥¬ ¤¨½«¥ª²°¨·¥±ª³¾ ´³ª¶¨¾ ±¢®¡®¤®£®
½«¥ª²°®®£® £ § :

"(!) = 1� nee
2

"0m0!2
: (8.162)

�¢¥¤¥¬ ¢¥«¨·¨³

!2¯« =
nee

2

"0m0

; (8.163)

 §»¢ ¥¬³¾ ¯« §¬¥®© · ±²®²®© ½«¥ª²°®®¢. �®£¤  ±®®²®¸¥-
¨¥ (8.162) ¯°¨¬¥² ®ª®· ²¥«¼»© ¢¨¤

"(!) = 1� !2¯«
!2

: (8.164)
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�°¨ ¢±¥µ · ±²®² µ, ¬¥¼¸¨µ !¯«, ¢¥«¨·¨  "(!) ®²°¨¶ ²¥«¼ .
�«¿ ½«¥ª²°®¬ £¨²»µ ¢®« ±¯° ¢¥¤«¨¢ § ª® ¤¨±¯¥°±¨¨

!2"(!) = c2k2; (8.165)

£¤¥ c | ±ª®°®±²¼ ±¢¥²  ¢ ¢ ª³³¬¥, jkj = 2�=� | ¢®«®¢®© ¢¥ª²®°
½«¥ª²°®¬ £¨²®© ¢®«». �§ (8.165) ±«¥¤³¥², ·²® ¥ ±³¹¥±²¢³¥²
¢®«®¢»µ °¥¸¥¨© ¯°¨ ®²°¨¶ ²¥«¼»µ § ·¥¨¿µ "(!) | ½«¥ª-
²°®¬ £¨² ¿ ¢®«  ¯°¨ § ·¥¨¿µ · ±²®² 0 < ! 6 !¯« ¥ ¬®¦¥²
° ±¯°®±²° ¿²¼±¿. �¥©±²¢¨²¥«¼®, ¨±¯®«¼§³¿ (8.165), ¬®¦¥¬ § -
¯¨± ²¼

k =
!

v±°
=
!n

c
=
!
p
"(!)

c
; (8.166)

£¤¥ v±° | ±ª®°®±²¼ ½«¥ª²°®¬ £¨²®© ¢®«» ¢ ±°¥¤¥ ± ¯®ª § ²¥-
«¥¬ ¯°¥«®¬«¥¨¿ n. �®±ª®«¼ª³ ¤«¿ ³ª § ®£® ¤¨ ¯ §®  · ±²®²
"(!) < 0, ²®, ¯°¨¨¬ ¿, ·²® ¢®«  ¿¢«¿¥²±¿ ¯«®±ª®©, ¬®¦¥¬ § ¯¨-
± ²¼

E = E0 exp
�
i(!t+ kx)

�
= E0 exp

 
i!

 
t+

p
"(!)

c
x

!!
=

= E0 exp

 
�
pj"(!)j

c
x!

!
exp (i!t): (8.167)

�¨¤®, ·²® ¢®«  ¨¬¥¥² ¬®¦¨²¥«¼ ½ª±¯®¥¶¨ «¼®£® § ²³µ ¨¿,
¯°¨·¥¬  ¬¯«¨²³¤  ³¬¥¼¸ ¥²±¿ ¢ e ° §   £«³¡¨¥ x = 1=jkj.
�®«», ¯ ¤ ¾¹¨¥   ² ª³¾ ±°¥¤³ ± · ±²®² ¬¨ ¢ ³ª § ®¬ ¤¨ -
¯ §®¥, ¯®«®±²¼¾ ®²° ¦ ¾²±¿. �«¥ª²°®»© £ § ¤¥©±²¢³¥² ª ª
· ±²®²»© ´¨«¼²° ¨ ±² ®¢¨²±¿ ¯°®§° ·»¬ «¨¸¼ ¤«¿ · ±²®² ! >
> !¯«, ¯®±ª®«¼ª³ ¢ ½²®© · ±²®²®© ®¡« ±²¨ ¤¨½«¥ª²°¨·¥±ª ¿ ´³ª-
¶¨¿ ¯®«®¦¨²¥«¼  (°¨±. 8.13).

� ·¥¨¿ ¯« §¬¥®© · ±²®²» ¨ ¯« §¬¥®© ¤«¨» ¢®«» § -
¢¨±¿² ²®«¼ª® ®² ª®¶¥²° ¶¨¨ ½«¥ª²°®®¢ (² ¡«. 8.4).

�  ¡ «¨¶   8.4. � ¢¨±¨¬®±²¼ ¯« §¬¥®© · ±²®²» ¨ ¯« §¬¥®©
¤«¨» ¢®«» ®² ª®¶¥²° ¶¨¨ ½«¥ª²°®®¢

n¥ (c¬
�3) 10

22
10

18
10

14
10

11

!¯«, ° ¤/± 5; 7 � 1015 5; 7 � 1013 5; 7 � 1011 5; 7 � 109

�¯«, ±¬ 3; 3 � 10�5 3; 3 � 10�3 0,33 33

�«¥ª²°®¬ £¨²®¥ ¨§«³·¥¨¥ ¡³¤¥² ° ±¯°®±²° ¿²¼±¿ ¢ ±°¥¤¥
²®«¼ª® ¢ ²®¬ ±«³· ¥, ¥±«¨ ¢ ±¢®¡®¤®¬ ¯°®±²° ±²¢¥ ¤«¨  ¢®«»
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½²®£® ¨§«³·¥¨¿ ¡³¤¥² ¬¥¼¸¥ �¯«. �§ ¯®«³·¥»µ ¢»¸¥ ±®®²®-
¸¥¨© ¨ ¨§ ² ¡«. 8.4 ±«¥¤³¥², ·²® ¯°®±²»¥ ¬¥² ««» ¤®«¦» ®²-
° ¦ ²¼ ±¢¥² ¢ ¢¨¤¨¬®© ®¡« ±²¨ (½²¨¬ ®¡º¿±¿¥²±¿ ¬¥² ««¨·¥±ª¨©

�¨±. 8.13. � ¢¨±¨¬®±²¼ ¤¨½«¥ª²°¨·¥±ª®© ´³ª¶¨¨ ½«¥ª²°®®£® £ §  ¢ ¬¥² ««¥
®² · ±²®²»

¡«¥±ª ¬¥² ««®¢) ¨ ¡»²¼ ¯°®§° ·»¬¨ ¢ ³«¼²° ´¨®«¥²®¢®© ®¡« ±²¨
±¯¥ª²°  (² ¡«. 8.5).

�  ¡ «¨¶   8.5. � ¯°®§° ·®±²¨ ¹¥«®·»µ ¬¥² «-
«®¢ ¢ ³«¼²° ´¨®«¥²®¢®© ®¡« ±²¨ ±¯¥ª²° 

�¥² «« Li Na K Rb

�¯«, �A (¢»·¨±«.) 1550 2090 2870 3220

�¯«, �A (½ª±¯¥°.) 1550 2100 3150 3400

�²° ¦¥¨¥ ±¢¥²  ®² ¬¥² ««®¢ ¯®«®±²¼¾   «®£¨·® ®²° ¦¥-
¨¾ ° ¤¨®¢®« ®² ¨®®±´¥°», ¯®±ª®«¼ª³  «¨·¨¥ ±¢®¡®¤»µ ½«¥ª-
²°®®¢ ¢ ¨®®±´¥°¥ ¯°¨¢®¤¨² ª ²®¬³, ·²® ¤¨½«¥ª²°¨·¥±ª ¿ ¯°®-
¨¶ ¥¬®±²¼ ¨®®±´¥°®© ¯« §¬» ±² ®¢¨²±¿ ®²°¨¶ ²¥«¼®© ¤«¿
®²®±¨²¥«¼® ¨§ª¨µ · ±²®² ¢ ±¨«³ ±° ¢¨²¥«¼® ¬ «®© ª®¶¥-
²° ¶¨¨ ½«¥ª²°®®¢.

�   ¤   · ¨
8.1. � ±±·¨² ²¼ § ·¥¨¿ ½¥°£¨¨ "F, ±ª®°®±²¨ vF ¨ ²¥¬¯¥° ²³°» TF

�¥°¬¨ ¤«¿ ¬¥¤¨.

8.2. � ±±·¨² ²¼ ¢¥°®¿²®±²¼ ²®£®, ·²® ½¥°£¨¿ ½«¥ª²°®  ®²«¨· ¥²±¿
  0,1 ½� ®² ½¥°£¨¨ �¥°¬¨ ¯°¨ ²¥¬¯¥° ²³°¥ 20�.

8.3. �¡º¿±¨²¼ ¯°¨·¨»  ¡«¾¤ ¥¬®£® ®²«¨·¨¿ ° ±·¥²®£® ¨ ½ª±¯¥-
°¨¬¥² «¼®£® § ·¥¨© ·¨±«  �®°¥¶  ¯°¨ ¨§ª¨µ ²¥¬¯¥° ²³° µ.

8.4. �»·¨±«¨²¼ ¤ ¢«¥¨¥ ½«¥ª²°®®£® £ §  ¬¥¤¨ ¯°¨ 0�. �«®²®±²¼

¬¥¤¨ � � 8900 ª£=¬
3
,  ²®¬ ¿ ¬ ±±  63,5.


